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We investigate representations of mapping class groups of surfaces that 
arise from the untwisted Drinfeld double of a finite group G, focusing on sur¬ 
faces without marked points or with one marked point. We obtain concrete 
descriptions of such representations in terms of finite group data. This allows 
us to establish various properties of these representations. In particular we 
show that they have finite images, and that for surfaces of genus at least 3 
their restriction to the Torclli group is non-trivial iff G is non-abelian. 
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1. Introduction 


Any factorizable ribbon Hopf algebra provides projective representations of mapping 
class groups of compact oriented surfaces of arbitrary genus with a finite (possible empty) 
collection of marked boundary circles [Ly2] . Following (part of) the literature, we refer 
to such representations of mapping class groups as quantum representations. In this 
paper we investigate a subset of the quantum representations obtained from the class 
of factorizable ribbon Hopf algebras that consists of untwisted Drinfcld doubles of finite 
groups. The aim is to concretely describe these representations in terms of finite group 
data. For surfaces of genus 1 with empty boundary already much is known [KSSB, 
CGR]. The corresponding quantum representations have finite image; they are in fact 
permutation representations, and explicit expressions for the modular S- and T-matrices 
have been obtained. Moreover, the kernel of the representation is then a congruence 
subgroup of SL(2,Z) [CG, Ba2], For higher genus surfaces with empty boundary one 
can invoke the expected relation with principal bundles described in the next paragraph 
to conclude that the quantum representations have finite image, and that generically 
they do not factor through to the symplectic group [Ga]. For genus 0 with n marked 
boundary circles it is known [ERW] that the quantum representations have finite image, 
and that the representations constructed from the double of a finite p-group factor 
through a p-group. 

Let G be a finite group and T>G its (untwisted) Drinfcld double over an algebraically 
closed field k. For k = C it is generally expected that the quantum representations 
obtained from DG using the methods of [Ly2] coincide with those obtained from the 
Reshetikhin-Turaev topological field theory associated to the modular tensor category 
DG-mod [Tu], with those obtained from the conformal blocks of a holomorphic orb- 
ifold CFT [DiVVV], and with those obtained from quantum gauge theory with finite 
gauge group [DiW]. In the latter case one considers the moduli space of principal G- 
bundles over surfaces. For a closed oriented surface this moduli space can be identified 
with Hom^!, G)/G, with G acting by conjugation. Here 7iq denotes the fundamen¬ 
tal group of the surface, which at genus N is obtained from the free group on 2N 
generators by a single relation, so that the moduli space can be identified with the 
set of 2A r -tuples (pi, aq, P 2 , % 2 , ■■■, Ptv, Xn) satisfying Hililfi'n x i] = e i m odulo conjugation 
([g,x] — g~ x x~ l gx is the group commutator). The mapping class group Map^o of the 
surface acts on the moduli space through its inclusion in the group Out(7q) of outer 
automorphisms of the fundamental group. 

When the boundary of the surface consists of a single circle, one instead considers 
the moduli space of G-bundles for which the monodromy around the boundary circle 
is restricted to a fixed conjugacy class c. This moduli space has a similar description, 
namely as the set of 2A r -tuples (pi,Xi,... ,gN,x n) satisfying n^li[<?*,£*] € c, and again 
comes with an action of the relevant mapping class group, Map A r 1 . One might therefore 
hope that the quantum representations studied here will be permutation representations, 
and in particular that they will have finite images. As it turns out, in general they are 
quotients of permutation representations; in the main part of this paper we focus on 
the subset of those quantum representations of Map^ 0 and Map^ 1 that actually are 
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permutation representations. 

The rest of this paper is organized as follows. In Section 2 we review the construction 
of quantum representations from factorizable ribbon Hopf algebras obtained in [Ly2], re¬ 
stricting to surfaces that either are closed or have one marked boundary circle. We then 
specialize this construction to the case that the Hopf algebra is the untwisted Drinfcld 
double T>G of a finite group G, and for k = C re-derive the formulas for the S and T 
matrices obtained in [KSSB], We can then verify that all these quantum representations, 
both of Map^vo and of Map^ 1 , are quotients of permutation representations. Afterwards 
we identify a subset of these representations, including all of them for Map^g, that pos¬ 
sess a particularly simple description as permutation representations. They turn out 
to be linearizations of the mapping class group actions on moduli spaces of principal 
G-bundles mentioned above. In other words, they are equivalent to permutation rep¬ 
resentations of Out^) on Rep( 7 r 1 ,G). A precise description of these representations 
is given in Theorem 2.8. All of these permutation representations actually satisfy the 
relations of Map^g; the underlying group action does not depend on the ground held k. 

In Section 3 we investigate the group actions underlying quantum representations. 
A number of results that help to identify mapping class group orbits are established. 
The main statement (Theorem 3.8) is: For genus N>3 the Torelli group is represented 
non-trivially iff the finite group G is non-abelian; for genus N = 2 the Torelli group is non- 
trivially represented iff there exists a pair of elements g,x EG whose commutator \g, x] 
does not commute with both g and x. Theorem 3.14 extends the congruence subgroup 
result of [CG, Ba2]: A sub-representation of the Map x 4 -representation is identified such 
that the kernel of the restriction to this sub-representation is a congruence subgroup. 
However, this congruence subgroup property fails to hold in general in the case of Map 11 . 

In Section 4 we provide a number of examples, for some particular finite groups G 
and for genus 1, 2 and 3. For genus 1 we display the mapping class group actions for the 
dihedral groups D n , the generalized quaternion groups Q± n , and the alternating group 
A 5 . For genus 2 and 3 we present results obtained using GAP [GAP] for the groups S 3 , 
D 4 and Q 8 , and at genus 2 also for A 5 . The groups D 4n and Q 8n have identical character 
tables. Thus the categories RT^-mod and H<5 8ri -mod have isomorphic Grothendieck 
rings even though they are not equivalent as monoidal categories. It is therefore of some 
interest to compare the mapping class group representations obtained for these groups. 
As shown in [CGR], the matrix S that together with a matrix T generates the Map 10 - 
representations, in a certain canonical basis, is different for these two series of groups. 
From our examples it follows that these representations, as well as those Map x ^repre¬ 
sentations that we study, are indeed non-isomorphic. For the groups D 4 and Q 8 this 
non-equivalence generalizes to genus 2 and 3. In all cases, however, the dimensions of the 
respective representations coincide. We find explicit examples (see Remark 4.3) which 
show that the result of [ERW] does not generalize to genus larger than 0: even when G 
is a p-group, the image of the quantum representation will in general not be a p-group. 
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Tabic 1: List of notations 


G a finite group 

Z(G) the center of G 

Z g the centralizer of a group element g EG 

e G the exponent of G 

g h the right conjugation h _1 gh of g E G by h E G 

h g the left conjugation hgh -1 of g E G by h E G 

C G the set of conjugacy classes in G 

Cq N the set of 2iV-conjugacy classes in G x2N (see (2.21)) 

g c chosen representative for the conjugacy class c E C G 

[g, h] the group commutator g^ 1 h~ 1 gh of two elements g,hEG 

Com G the set [G, G\ of commutators in G 

G' the commutator subgroup of G, i.e. the group generated by Com G 

/i m the multi-commutator map G x2m —>G (2.17) 

giy the map Cq N —>C g (2.29) induced by /Tv 
G ab the abelianization of G, i.e. the quotient G/G' 

T>G the (untwisted) Drinfeld double of G 

DG* the Lyubashenko coend Hopf algebra in TG'-mod 

k an algebraically closed field 

Map^ o the mapping class group of a closed oriented surface of genus N 

Map A r j the mapping class group of a compact oriented surface of genus N 
with one hole 

7 r the fundamental group of a compact surface 
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Our notational conventions for some basic notions are listed in Table 1. A few technical 
details are presented in two appendices. Appendix A reviews the structure of DG as a 
factorizable ribbon Hopf algebra. We determine the center Z('DG), the space G(DG) 
of central forms, and the group Q(DG) of group-like elements, as well as the structure 
of the Lyubashenko coend Hopf algebra DG* in the category IDG-mod. In Appendix B 
we collect some elementary results concerning conjugacy classes of 2 A r -tuples of group 
elements in a finite group G. 

As we shall see, the quantum representations obtained from DG with abelian group 
G can be understood through elementary considerations. For abelian G, any homomor¬ 
phism from 7 T to G factors through to 7 r ab = which coincides with the first homology. 
Thus the Torclli group, being the kernel of the mapping class group action on 7 r ab , is 
represented trivially on Hom( 7 r, G)/G = Hom( 7 r, G). As a consequence we will mainly 
be interested in non-abelian finite groups G. We do not impose any further restrictions 
on the groups G, however. In particular, there is no reason to restrict to simple groups. 

Let us finally specify our assumptions on the ground field k over which DG and its 
modules are defined. The construction of quantum representations in [Ly2] works for any 
algebraically closed field. The structure of DG- modules depends, however, on k [Wi]. 
Whenever we deal directly with DG-modules and their characters we will therefore 
require the ground field to have characteristic 0 , and for simplicity we then restrict 
our attention to k = C. This applies to part of Section 2.2, in particular whenever we 
consider Map^g acting on the space of DG-characters. For much of the remaining 
discussion these assumptions are not needed, and we then allow the characteristic of k 
to be arbitrary. Note that when the characteristic of k divides the order |G| of the group, 
then the category 2?G-mod is no longer semisimple. But the quantum representations 
that we focus on in this paper are then still the permutation representations obtained 
from the mapping class actions discussed in Section 3. 

2. Quantum representations from Hopf algebras 

In this section we first outline Lyubashenko’s method [Ly2] for constructing projective 
representations of mapping class groups from a factorizable ribbon Hopf algebra H. 
Afterwards we focus on the case that H is the (untwisted) Drinfeld double DG of a 
finite group G. 

2.1. The coend H * and quantum representations 

For a finite-dimensional Hopf algebra H over k we denote the multiplication by m, the 
unit by 77 , the comultiplication by A, the counit by e, and the antipode by s. H possesses 
a non-zero left integral AeH and a non-zero right cointegral A G H*, which are unique 
up to scalars. H is called ribbon iff it is equipped with an R-matrix Re H <E> H (i.e. 
is quasitriangular) and with a ribbon element v G H satisfying natural properties (see 
e.g. [Ka]). A quasitriangular Hopf algebra H is called factorizable iff the monodromy 
matrix Q := R 2 i ■ RE H ® H is non-degenerate, i.e. iff the Drinfeld map Jq: 
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acting as (p t —> (p <S> idn ) ° Q-, is invertible. For a factorizable Hopf algebra the integral A 
is two-sided. 

In the sequel H stands for a finite-dimensional factorizable ribbon Hopf algebra. The 
category H -mod of left //-modules is finite abelian k-hnear; the structural elements of 
H endow //-mod with a natural structure of a ribbon category. In particular, denoting 
by r the flip map, the braiding cx,y of two //-modules (X,px) and (Y, py) is the linear 
map t x ,y ° (px ® Py) ° (id# <8> th,x <£> idy) ° (R <S> idx®y), while the twist automorphism 
6 X of (. X , p x ) is the linear map px ° {v~ l <g) id x )- 

The starting point for constructing the quantum representations is the coend 


L : = 


r X 


X V <g> X . 


( 2 . 1 ) 


As an object in H- mod, L is isomorphic to the //-module //*, that is, to the vector 
space II* endowed with the left coadjoint //-action [Lyl, Vi], Explicitly, x £ II acts on 

H* by mapping p 6 H* to £T</?(s (x^)yiX^)^i, where It-)- yi ® ipi G H ® H* is the 
coevaluation. The coend L carries a natural structure of a Hopf algebra in //-mod, with 
structure morphisms given by 

m*(x) = s(rd)) xW r^ <g) s(s)a; , 

V> = £ * > 

At> = m* , ( 2 . 2 ) 

£> = rf , 

S*(a;) = s(r) s(x) s(m ) _1 s . 

Here for brevity instead of the multiplication and antipode we present their pre-duals, 
and we use the summation-free Sweedler notation A (a;) = ® for the coproduct 

of xGH and R = r®s for the R-matrix; u = s(r)s is the Drinfeld element. The Hopf 
algebra H* comes with a Hopf pairing 

: a®(5 t-). ct(Q (1) ) /l(s(Q (2) )) . (2.3) 

Factorizability of H is equivalent to non-degeneracy of u 

We denote by Map^ n the mapping class group of an oriented compact surface of genus 
N obtained from a closed surface by excising n > 0 open disks. More specifically, the 
appropriate variant of Mapjy n is obtained by equipping each of the n boundary circles 
with a marked point and requiring homeomorphisms, as well as homotopies, to preserve 
the set of marked points. As shown in [Ly2], the structure described above allows one to 
construct a finite-dimensional projective representation of Map^^ on the k-vector space 

Homn-mod (2.4) 


for any object X of H- mod. We will restrict our attention to surfaces with zero or 
one holes, n6 {0,1}. Map^ can then be defined as the group of homotopy classes of 
orientation preserving homeomorphisms that preserve the boundary pointwise. 
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To define the quantum representations of Map^g and Map Jvl , first choose for every 
genus N G N a representative surface Ejv with one hole, together with a certain collection 
of simple closed curves on H N . The latter consists of four simple closed curves a i: b t , di, 
and e,, for each i — 1, 2,..., N, modulo the identihcation ai — di — e j. Furthermore for 
each i = l,2,, N we have to choose a one-holed torus F) embedded in Ejv- 
This collection of data is visualised in the following figure: 



Map jY i has a generating set consisting of (the homotopy classes of) the following maps 
([Lyl], see also [FSS] ): 

1. inverse Delin twists T^ 1 and T d , 1 around each of the curves hi and di, for i = l,2,..., N; 

2. inverse Dehn twists T^ 1 and T^ 1 around each of the curves a* and e*, for i = 2,3,..., N. 
While these Dehn twists already generate Map Jvl , occasionally it is convenient to add: 

3. a modular ^-transformation Si with support in the interior of F t , for i = 1,2,..., N. 

By capping the hole of the surface (2.5) one obtains a closed surface of genus N. Thus 
the same set of Dehn twists generates Map^g, and there is only a single additional 
relation, which implements the condition that a Dehn twist Tq along a simple closed 
curve isotopic to the boundary has to be trivial, so that the relation that defines Map^ 0 
as a quotient of Mapyr 1 is Tq = id. Using the so-called star relation, as e.g. given by 
formula (E) of [Ge], one checks that Tq can be expressed as 

T e = ( TlT h ) 3 (T^TJ 3 (TlT d J H f ■ ■ ■ (T drl T drl T b J 3 . (2,6) 

We note that for genus N = 1, the twist T around d\ together with the modular S- 
transformation generate both Map 10 and Map xl . In the former case, T and S satisfy 
(ST) 3 = S 2 , S' 4 = id and [S' 2 , T] = id, which are defining relations for the modular group 
SL(2,Z). In the latter case there is a short exact sequence 

1—^ Mapy—» SL(2, Z)—>1, (2.7) 


i.e. Map, l is a central extension of SL(2,Z). 






To proceed we define a collection of endomorphisms in the category H- mod. For h G H 
we denote by lh, rh G End k{H*) the duals of the linear endomorphisms of H given by left 
and right multiplication with h, i.e. 

(lh(ct))(k) = a(hk) and {r h (a))(k) = a(kh) ( 2 . 8 ) 

for a G H* and kE H . Then for (. X , p) G H -mod we set 

End H-mod(H*) 3 T l : a Zs^- 1 )^) j 
E nd//_ m od(#> ® id>) 9 0 L : a®j3 ^3 r QW (a) <g) Is(qW)(P ), 

(2.9) 

End jff . mod (i7*) 9 S'l : = (e> ® id) ° 0 L o (id® A^), 

EndH-mod(hf*<8)X) 9 4 r Q( i)(a) ®p(s(Q (2) )) m . 

We use these maps to specify a set of endomorphisms of L® N : 

Definition 2.1. 


i) For any iVeN we introduce the following elements of End H-mod 

Zg := id L ®( N -i) ®S L ® id L ®a-i) , i = 1,2, 

(L® N ): 

(2.10) 

zP ■— id L ®(N~i) ® \(T l ® T l ) o O ® idg®(i~2) 

^ = 2,3, 


(2.11) 

4 := id L ®( N -i ) <8> o T l o S'" 1 ] (g)id L ®(i-i) , 

* = 1 ,2, 


(2.12) 

4* := id L ®( N -i) ®T L ®id L ®(i-i) 

* = 1 ,2, 

-,N, 

(2.13) 

zf := id L ®, N - i} <g> [gf (i_1) o (T l ® 0 l ® (i -d)] , 

^ = 2,3, 

■ ■■, N. 

(2.14) 


(ii) The quantum representation of Map^ on Hom^_ mod (A", L® N ) is defined by letting 
the generators (2.10) - (2.14) act via post-composition. Concretely, the inverse Dehn 
twists around the cycles b tl di and e* are represented by post-composition with the 
endomorphisms z^ \ zp and Ze \ respectively, for i — 1, 2, ..., N] the inverse Dehn twist 
around a t is represented by post-composition with Za \ for i — 2, 3,..., N\ finally the mod¬ 
ular ^-transformation inside the one-holed torus F % is represented by post-composition 
with 4°, for i = 1,2,..., N. 

(iii) The quantum representation of Map jV 0 is obtained by taking X in (ii) to be the 
trivial one-dimensional id-module Vq = (Ik, e). 

Remark 2.2. Any quantum representation is contained in the representation obtained 
by taking X = L® N for some value N of the genus, so that one deals with endomorphisms 
of L® N . Moreover, when doing so it suffices to consider the subspace generated from the 
distinguished element id L ®N in End H-mod (L® n ). 
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2.2. The case H = DG 

We now specialize the quantum representations to the case that H is the Drinfeld double 
DG of a finite group G. To keep the presentation short, pertinent information about DG 
and the coend DG* is relegated to Appendix A. The factorizable ribbon Hopf algebra 
DG has a basis {b g \ x \g,xE G} in which the structural data take the form given in (A.l). 
We denote by {/?%} the basis of D G* dual to {6^}; in this basis the DG-action on 
DG* is given by (A.31). The structure of DG* as a Hopf algebra in DG-mod is provided 
in (A.32), while its two-sided integral, cointegral, and Hopf pairing are given in (A.33) 
and (A.34). 

When expressing statements in terms of the chosen bases of DG and DG* it is often 
convenient to use the notation (g\x) for elements in G x G, and analogously 


(h|y) := ((ftl|»l),...,(/im|ym)) 


(2.15) 


for elements of G x2m . The notation (h 9 |y 9 ) then indicates that g acts on G x2m by right 
conjugation of all pairs (hi\yi) in (2.15), i.e. 


(hV) = (Mltf), •••,('«,)), 


(2.16) 


and analogously for left conjugation. We define for each m G N a multi-commutator map 
/i m : G x2m —>G as an (ordered) product of commutators: 




<hiy) if- 


(2.17) 


i =1 


In terms of basis elements, the endomorphisms (2.9), with the object X in Qf specialized 
to X = (DG*)®" 1 , together with the composite endomorphism U > S > o o S'” 1 , are 
then expressed as follows [FFSS] : 


n 

s> 

0 > 

Ql 


Pg\x l_ t (3g\g~l X , 

fig\x 1 t f3 x —l\g x , 

fig\x 1 t fi X g\x i 

fig\x ® fih\y l— t fig\(9xh)x ® P(a x )h\(g x )y ) 

Pg\x ® ft h|y 1 t Pg\gx(g x -p, m .(Ta\y))- 1 ® @(g x )\ l \(g x )y ■ 

The twist automorphism of (DG*)® m is given by 

^(DGJ )®” 1 1 Al|y ^Am(h|y)h|Am(h|y) y , 

and the composites L^ := (T > ® T>) o and M >tTn := Q™ o {T > ® 0(HGj)® m 

■ fig\x® @h\y 1 t (3 g \{xh)g-^x ® fi(9 x )h\(g x )h- 1 y , 

>,m • fig\x ® ft h|y 1 t g\x(g x ■p, m (h\y ))~ 1 ® /3(g x )Am(h|y)j 1 |(ff :I: )Am(h|y)y 


(2.18) 


(2.19) 
take the form 

( 2 . 20 ) 
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Iii the sequel we regard G x2N as a G-space, with G acting by conjugation, 


g, (h | y) ^ (hV) . ( 2 . 21 ) 

We refer to the orbits of the action (2.21) of G on G x2N as 2N-conjugacy classes, and 
denote the set of all 2iV-conjugacy classes by Cq N . For elements of Cq we alternatively 
also use the term diconjugacy classes. 

We now note that according to (2.18) for any pair (g\x) we have 


• ftg\x 1 t (d(g— 1 )g x \(x~i)g x i 

• @g\x f— ^ Pgte,*] \ x [aM i (2.22) 

(^> ° !>) • Pg\x 1 t fd(g-l')gx\Q I .—l')gx . 


Thus the operators S > and T> define an SL(2, Z)-action on diconjugacy classes of basis 
elements and, when restricting to commuting pairs (g\x), an SL(2, Z)-action already on 
such basis elements. 


We simplify notation by renaming the endomorphisms from Definition 2.1 as zQ S t 


?(*) 


(i) rji 

4 


(0 


(i) TT {i) 


(i) t 


and zf 1 . We observe: 


Lemma 2.3. 

The endomorphisms T^\ S&\ U^\ and have the following properties: 

(i) They permute the basis elements /?h| y of G x2m . 

(ii) They are equivariant with respect to the action of G by conjugation of the labels 
(h, y) of the basis elements /3h|y - 

(iii) They preserve the multi-commutators /i m (h|y) of the basis elements /3h\y- 


Proof. Property (i) follows immediately from the definition of the endomorphisms. 
Property (ii) follows from simple manipulations based on the identity [ g z ,x z ] = [g,x] z . 
For proving (iii), note that it suffices to restrict to those pairs (hi\yi) on which the 
endomorphism acts non-trivially. Accordingly, the identities 

[g,9~ 1 x] = \g,x}, [x~\g x ] = \g,x\ and [xg,x\ = \g,x\ (2.23) 

establish (iii) for T>*\ S and U^\ respectively. Next we note that 

= \g,x]h~ 1 ^h and [^M&h-'y] = ^\h~ l ) h y , (2.24) 


which imply 

\g, ( X h)g- l x\ [ ( [9X) h , (g x )h~ l y} = [g, x\h~ l h y = [g, x] [h, y ], (2.25) 

thus establishing (iii) for L>\ Finally by direct, if lengthy, calculation one sees that 


[g,x(g x g m ( h|y)) 1 } = [g,x\g m ( h|y) ^)(/i m (h|y) x ) and 

= (s”)^ m (h|y), 


(2.26) 


showing that (iii) holds for as well. 


□ 
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Using the explicit form of the RG-action on (RG*) 0Ar it is easily verified that the G- 
equivariance is equivalent to the linear maps (2.18) - (2.20) being morphisms in RG-mod. 

As noted in Remark 2.2, to fully understand the quantum representations of Map^g 
and Map^ 1 it is enough to understand the mapping class group orbit of the identity 
morphism id^ G *mN G EndD< 3 . mo d(I ) G* 0Ar ). Lemma 2.3 (i) implies that this orbit is a 
finite set of endomorphisms that permute basis elements of the type /3h| y - In other words, 
we have established the existence of a finite Map Ari -set whose associated permutation 
representation determines all the quantum representations of Map 7V1 and Map^g. We 
denote this permutation representation of Mapjy^ by nff G . As a vector space, nff G is 
spanned by the endomorphisms of (RG*) 0JV that are arbitrary words in the letters T&\ 
S^\ U& \ and M^\ The relation between the permutation representation IJ,^ G and 
a general quantum representation is summarized in 


Proposition 2.4. For any DG-module V the quantum representation on the morphism 
space Horri'DC'-mod (id (RG*)®^) coincides with the image of 

Hom BG . mod (V, (RG*)®^) ® I7% g (2.27) 

under the composition map 

O : Hom 2)G . mod (U, (RG*)®^) ® Endv G _ moi ({T>G k > )® N ) 

—> Honi'D G _ mod (V, (RG*)®^) , (2 ' 28) 

where on the left hand side the mapping class group Map iV i acts non-trivially only on 
the second factor. 


As a consequence, we can relate quantum representations to the permutation repre¬ 
sentation Id,jf G as follows: 

Corollary 2.5. Every quantum representation is isomorphic to a quotient of a direct 
sum (nff G )® d of multiple copies of permutation representations. It follows in particular 
that the image of any quantum representation of Map N 0 or Map iV1 is finite. 

We will not pursue the full structure of the permutation representations n^ G . In¬ 
stead we will identify subspaces of (RG*)®^ that carry representations of Map A r 0 and 
Map A r j. These representations contain much of the information encoded in Ilff G: but 
are easier to deal with. The multi-commutator map (In introduced in (2.17) intertwines 
the conjugation action, hence it maps every 2A r -conjugacy class surjectively onto a single 
conjugacy class. There is thus an induced map 

1-in : C g n — > C G , 
d i —> Jx N {d) 



from 2A r -conjugacy classes to ordinary conjugacy classes. For each 2Wconjugacv class 
d G Cq N we define an element G (RG*) 0Ar as the sum of dual basis elements labeled 
by elements in d, 

-id ■■= Y, Air • (2-30) 

(h|y Jed 
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The subset Conic = [G, G] of commutators in G is closed under conjugation, and thus 
is a union of conjugacy classes. We denote the collection of these particular conjugacy 
classes by C G C C Gl so that 

Come = U c - < 2 - 31 ) 

c€C' g 

By definition we have Conic = Im(/ii) and hence Gq = Iih(/ii). 

Denote by Vo := (k ; £) the one-dimensional trivial DG-module, i.e. the tensor unit of 
DG-mod. We can identify elements in HoniDG-modf^o, (DG*)®^) with their images in 
(D Gl)® N ; then we have 

Theorem 2.6. (i) The set 

T e := {-f d \ de^ic-e)} (2.32) 

is a basis of Hornuc-mod (W, (DG*)®^). 

(ii) Each of the generators T&\ S^\ U^\ and of Map^ acts on T e by a 
permutation. 

Proof, (i) We want to characterize the elements ft G (DG*)®^ that satisfy b g \ x . /3 = 5 g ^ e ft. 
With the ansatz 

ft = a ( h ly)^h|y (2-33) 

(h|y)eG x2iv 

we have 

b g \ x ./3 = a ( h \y) b ki\x-fth 1 \y 1 ®b k -i k2lx .ft ll2ly2 ®--- 

(h|y)eG x2iv fci,...,fcjv-iGG 

■ ■ ■ ® b k-f l9 \x ■ Ph N \y N (2.34) 

= 'y ^ «(h|y) dg x ,y N ( h|y) ft *hpy • 

(h|y)eG x2JV 


Thus we need a(h|y) = 0 unless /qv(h|y) = e, and a^h^y*) = a(h|y) for all xeG and 
all (h|y) G G x2N . Conversely, for every function a obeying these conditions we get an 
element ft satisfying b g \ x . ft = 5 g ^ e ft. Thus every such ft is a linear combination of elements 
7 d for d G /ij^cy). Since these are linearly independent, T e indeed forms a basis. 

(ii) By Lemma 2.3, every generator of Map^ 1 permutes basis elements /?h| y in a way such 
that it preserves /In, and thus preserves the subset {/3h| y | (h|y) G Further, the 

Map at ^generators are G-equi variant, so that for any d G //^(cy) they map bijectively the 
basis elements /5 h | y satisfying (h|y) G d to /5h| y satisfying (h|y) G d! for some d' G pf^^eft). 
It follows that each generator indeed permutes the elements of the set T e . □ 

The proof also shows that for any conjugacy class cgGc the set {y^ | dGp^ 1 (c)} 
is permuted by the generators of Map^. It is therefore natural to ask whether the 
subspace of (iDG*)®^ spanned by such elements y^ has some relation to quantum rep¬ 
resentations as well. To answer this question, consider for a given 2IV-conjugacy class 
d G C™ the subspace 

V™ : = span t {A,| y | (h|y) £ d} C (DG;) m (2.35) 
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of (DG*) 0JV . The DG-action b g \ x . /3 h | y = ^^(hiy) /3*hp y shows that the subspace is 
in fact a DG-submodule of (DG*) 0Ar . Moreover, if /qv(d) —c, then b g \ x annihilates V^ 
unless jGc. ft follows that for any simple DG-module V^ a ) (as described in Appendix 
A.2) we have 


HomD G . mod (V( c , a ),E (d) ) = 0 unless pi (d) = c. 

(2.36) 

Now for c G Cg, define 


fDGPgf := ® 

(2.37) 

d&C™ 

UN(d)=C 


Then by the discussion above we have 


Proposition 2.7. The permutation representation of Map Ari on nff G 
cording to 

decomposes ac- 

End DG .mod((DG:) 0iV ) = (J) End2) G _ mo d((F ) G ! >)®j V ) 

(2.38) 


cec G 


into sub-representations. 

Next denote, for g G G, by DG^ the subalgebra of DG that is spanned by the 
basis elements {b g \ x \ x G Z g } (see also the first paragraph of Appendix A.2); we have 
DG^ = k.[Z g \. Let cIeCq N satisfy /iAr(d) =c, and define the subspace 

V (d ' 9c) := span k {/? h | y | (h|y) G d and /2jv(h|y) = g c } . (2.39) 

Note that if (h|y) G d satisfies /Lv(h|y) = g c , then every element of d with that property 

is of the form ( x h|‘ T y) for some xEZ gc . In fact, V^’ 9 ^ is a permutation representation 
of Z gc , with the underlying Z 9c -set consisting of the single orbit {(^hj^y) \xEZ g f\. It 
follows that is the DG-module (A.22) induced from V { ~ d ' 9c \ i.e. 

= DG ® VG ( 9c) V^ 9c) . (2.40) 

Any permutation representation contains a trivial sub-representation; in the case of 
V^ d ' 9c \ the vector 

7 ? ~ E A-i* < 2 ’ 41 ) 

(h|y)ed 

A‘Jv(h|y)=g c 

is Z g - invariant. Denote the DG-module that is obtained from induction on this trivial 
module by . This DG-module is obviously simple and is equivalent to V( c jd)- Further¬ 
more, vff is cyclic, and one particular cyclic vector is y d = Yl gr .ed 7“J C as defined in (2.30). 

Since every module in the set { V^j \ d G G^' v } is induced from a one-dimensional DG^ Sc E 
module, it follows that the mapping class group acts on this set, and that this action 
is completely determined by the mapping class action on the vectors {y| c | fi>N(d) = c}. 
Equivalently we can study the action of Map^ on the set {y d | /iAr(d) =c}. We have 
thus arrived at 
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Theorem 2.8. For any cgG g? Map^ acts on the set {7 d | c?G/i^ 1 (c)}. 

The resulting permutation representation is equivalent to a sub-representation of the 
quantum representation on Hoiii^g- mod(V( c ,id), (DG*)®^). 

Moreover, we have 

Proposition 2.9. The action of Map^ 1 on {7 d \ d G pf/ (c)} factors through to an action 
of Mapjv )0 . 

Proof. The Dehn twist along a simple closed curve isotopic to the boundary is repre¬ 
sented by the twist automorphism of the DG-module that labels the boundary circle (see 
[Lyl, Sect.4.5]), and thus in the case at hand, by multiplication with the twist phase 
0( c ,id) ■ Now according to (A.28) we have d( c ,id) = 1- It follows that the relevant quantum 
representations of Map iV1 indeed satisfy the relations of Map ^ 0 . □ 


Before continuing, let us verify that we reproduce the explicit form of the matrices 
T and S from [KSSB, CGR] which generate the representation of Map 10 = SL(2, Z) on 
HomDG_ mo d(Vo, 2?G*). For simplicity we assume that k has characteristic zero, so that 
we can work with ordinary characters of DG-modules. For N = 1 Theorem 2.6 implies 
that Honix) G _ mod (Vo, DG*) is isomorphic to G(DG), the space of central forms as defined 
in (A. 8), which has a canonical basis given by the simple DG- characters. Isomorphism 
classes of simple DG-modules are in bijection with pairs (c, a) with c G G g and a a simple 
character of Z gc for a chosen representative g c of c (see Appendix A.2 for a description of 
the simple DG-modules V( C)Q ) and their characters X(c,a))- Denote by S( CjQ ): Z ( Z 9c ) —>-k 
the central character of a simple k[Z g J-module with character a; then 


^(c,a){ x ) — 


a(x) 

a(e) 


(2.42) 


Combining formula (2.18) for T t > with the expression (A.25) for X(c,a) an d D ie fact that 
g c is central in Z gc , it follows that Tj> acts as 


T r> 


X(c,a) 


-(c,a 


■)(9c) X(, 


c,a) • 


(2.43) 


The matrix affording the ^-transformation on simple DG-characters thus takes the form 

(■^ > )(c,a),(c',a') = c,a)(dc ) • (2.44) 

Further, according to (A. 28) 5 ( Cia )(g c ) equals the twist phase 0( c ,a) of the simple module 
V( c ,a)- Next consider the matrix affording the ^-transformation of simple DG-characters 
by 

'■ X(c,a) 1 > ^2 (*^ ,|> ) (c,a),(c',a') Z(c',a') (2-45) 

(c'jO/) 

Let us tensor this formula with Xm a ') an b apply the Hopf pairing according to (A.37). 
Then using again (A. 25) and (2.18), as well as the formula (A.34) for the Hopf pairing, 
we obtain 

V a(*V V)) a'((gp) k ) (2-46) 

fceG: fe 9 c /ez gc , 


(D 


(c,a),(c',a') 


J 9c\ 


J 9 C '\ 
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(here we use that char(k) does not divide |G|) with i c a group element satisfying g^ 1 = lc g c 
(see the text preceding Equation (A.23)). The results (2.44) and (2.46) coincide with 
the formulas (2.14) and (2.12) of [CGR]. 

In the basis T e = {'Id}d^n -1 (c e ) C(T>G) that was introduced in Theorem 2.6 the T>- 

and V-t r a n sf° rma ti° n s read 

T >- ld^ x) ^ 7<V| 9 -m and S >- 7^,.) ^ 7^,,) , (2-47) 

hence the matrices representing these transformations are permutation matrices, as ex¬ 
pected. An immediate consequence of the matrices being of this form is that the order 
of V coincides with the exponent of G. Note that even though the results (2.44) and 
(2.46) assume a restriction on the characteristic of k, the formulas (2.47) hold for an 
arbitrary ground field k. 


3. Mapping class group actions on 27V-conjugacy classes 

ffenceforth we focus on the subset of quantum representations which we established 
in Theorems 2.6 and 2.8. All of these representations satisfy the relations of Map^gj 
for simplicity we will refer to them as representations of Map^. Moreover, all of them 
are permutation representations obtained by linearizing Map^-actions on the sets C™ 
of 2Wconjugacy classes. Therefore we now turn to investigating the action of mapping 
class groups on 2Wconjugacy classes. We have already established, in Lemma 2.3 as well 
as in Theorems 2.6 and 2.8, that the function Cq N —yC G (2.29) is Mapjy-invariant, 
so there is at least one orbit, namely /^(c), for each conjugacy class cG lm(/qv). 


3.1. General properties 

For brevity we re-express the formulas (2.18) and (2.20) as permutations of the label 
sets G x2 and C G , respectively of G x2N and Cq N . Thus we write 

T g - (g\x) i—» (glg-'x ), 

S G : (g\x) h —y (x-^g 00 ), 

U G : (g\x) * — >{xg\x), (3.1) 

L G - ((g\x),(h\y)) 1 —» {(g\{ x h)g- 1 x),(^h\(g x )h- l y)) , 

M GiTn : ((g\x), (h|y)) i—> {(g\x( V x )/i m ,(h|y))- 1 ), ((^)Am( h |y)h|(9NAm( h |y) y )) , 


where in the last formula m takes values in { 1 , 2 ,..., A/”— 1 }. When acting on G x2N for 
some definite value of N we write Tq\ S^ and U G \ with i = 1 , 2 , ...,, N, for the action 
of the respective permutations on the (N— i+l)th pair of labels, i.e. 



(id C x2(N-i ), X G , id G x2a-i)J 


(3.2) 
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for X = T, S, U. Analogously l} G with k = 1,2,..., N —1 is given by 



(id G x2(N-k-i), L g , id G x2(k-i)) . 


(3.3) 


Finally, 

M g ^ = ( 'id G x2(N~k) , M G k _^j 

for k = 2, 3,..., N. 


(3.4) 


Remark 3.1. The permutations U G \ T G \ and L^ G coincide with the generators of the 
Map N0 -action found in equations (3.12), (3.13) and (3.14) of [Bal]. 


Lemma 2.3 immediately implies that each of the maps (3.2) - (3.4) maps 21V-conjugacy 
classes bijectively to 21V-conjugacy classes, and therefore induces a permutation of the 
set C g n that preserves the map /xat : C™ —±Cg- By abuse of notation we use the same 
symbols T G etc. for these permutations of C™. We have shown that these permutations 
define a group homomorphism 

a G : Map at ->■ Syrn (C G N ) , (3.5) 

where Sym(A) denotes the group of permutations of a finite set A". Moreover, for each 
ceCg the subset /if 1 (c) C C G N is Map at- invariant. Note, however, that the set /if 1 (c) 
may be empty for some c G Cq] e.g. for N = 1 it is non-empty iff c G C G . 

The rest of this subsection is devoted to establish general features of C G N as a Map jV - 
set. Even though for each conjugacy class cGlm(/Lqv) there exists at least one orbit, 
namely the set /if} (c), it may happen that the map n n is a crude invariant, so Map at 
does not necessarily act transitively on these orbits. 

Let us begin by stating two easy results related to invariant subsets of C™. By 
construction every 2A r -conjugacy class is a subset of the product of 2 N conjugacy classes. 
In particular there are precisely \Z(G)\ 2N 21V-conjugacy classes consisting of a single 
element. Thus we have 

Proposition 3.2. 

(i) The set {d G C G N \ d C Z(G) x2N } is mapping class group invariant. 

(ii) For any subgroup H<G, the set C]^ G consisting of 2N-conjugacy classes with 
representatives in H x2N is mapping class group invariant. 

(iii) If H <G is a proper subgroup, then Cfjf G C C G N is a proper subset. 

Proof. The statements (i) and (ii) are obvious. Claim (iii) follows immediately from 
the fact that no proper subgroup H < G of a finite group G can intersect all conjugacy 
classes of G\ there must exist some d G C G N such that d ^ Cjff G . □ 

Since the center Z(G) is not empty, Proposition 3.2 (i) implies that for any non-trivial 
G and any N the mapping class group action on C G N has at least two orbits. But if Z(G) 
is non-trivial, there is even more information to be obtained from the center. Namely, 
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let Z(G) x2N act on G x2N by left multiplication. This action descends to an action on 
27V-conjugacy classes: 

( a |b) : °^(h|y) ^(ah|by) (3-6) 

for (a|b) G Z(G) x2N . Note that the Z(G) x2Ar -action on C™ preserves /py. Now for any 
word X in the mapping class group generators we have 

(a|b) o X = X o X" 1 o (a|b) o X = X o (a|b) x (3.7) 

as permutations of C^. In fact, conjugating the action of Z(G) x2N by a mapping class 
is implemented by an automorphism of Z(G) x2N . A straightforward calculation gives 

( a\b) T ° = (a|a&), ((a|5), (c| d]) Lo = ((a|afec _1 ), (c|a _1 cd)) , 

(a|fe) 5<3 = (5|a _1 ), ((a|6), (c|d)) Mc ’ m = ((a|afe), (c|d)) , (3.8) 

{a\b) u ° = ( ab~ l \b ). 

These are indeed automorphisms, which straightforwardly extend to all of the generators 
Tq\ Sq\ Uq\ Lq and Mq . In other words, we have 

Proposition 3.3. 

(i) Conjugation by a mapping class implements an automorphism on Z(G) x2N . 

(ii) The set Cq N of 2N-conjugacy classes carries an action of a semidirect product of 
the groups Mapjy and Z(G) x2N . 

(iii) The mapping class group action on the set Cq N permutes isomorphic Z(G) x2N - 
orbits. In particular, the union of all Z(G) x2N -orbits of a given isomorphism type is 
mapping class group invariant. 

Proof. The statements (i) and (ii) are immediate consequences of the discussion preced¬ 
ing the proposition, (iii) follows directly from (i). □ 

The group Out(G) of outer automorphisms of G acts on G x2N through the diagonal 
embedding and thus induces an action on the set Cq N of 2X-conjugacy classes. Com¬ 
parison with (3.1) shows that the action of Out(G) on C 2 C commutes with the action 
of Map^r. Thus we have 

Proposition 3.4. The mapping class group action on Cq N permutes isomorphic Out(G)- 
orbits. In particular, the union of all Out (G)-orbits of a given isomorphism type is 
mapping class group invariant. 

For any g G G there is a distinguished mapping class group orbit in : the orbit 
generated from the 2X-conjugacy class containing the tuple ((g|e), (e|e),..., (e|e)). More 
generally, for any g gG we can consider all orbits emanating from 2X-conjugacy classes 
that are represented by elements of the type 

(3.9) 

and one might suspect that these orbits have a particularly simple structure. Indeed, 
denoting by o (g) the order of g, we have 
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Theorem 3.5. 

(i) The mapping class group orbit in C™ that is generated from the 2N-conjugacy class 
containing the element (3.9) includes the 2N-conjugacy classes containing all 2N-tuples 
(( 9 Pl \g qi ), (. g PN \g qN )) which satisfy 

gcd(mi,... ...,n N ,o(g)) = gcd(pi,... ,p N ,Qi, , <7tv, o(fiO) ■ (3.10) 

Moreover, the Map N -action on 2N-conjugacy classes of this type factors through to an 
action of Sp(21V, Z). 

(ii) If any two different elements of the cyclic subgroup Z/o(g)Z < G generated by g EG 
belong to distinct conjugacy glasses, then the mapping class orbit of the 2N-conjugacy 
class that contains {fg mi \g ni ), (g m2 \g n2 ), ■■■, (g mN \g nN )) is characterized by the number 
gcd(mi,..., uin, ni,... ,, tin, o{g)), and the collection of such orbits coincides with the 
collection of orbits of the defining action of Sp(21V, Z/o(g)Z) on (Z/o(g)Z) 2Jv . 

Proof, (i) We first show that the Map v -action on 2AT-tuples of the stated type factors 
through to an Sp(2iV, Z)-action. For a and b oriented simple closed curves on a closed 
oriented surface, denote [a] and [6], respectively, their homology classes. A Delin twist 
along b acts on [a] as (see e.g. [FaM, Prop. 6.3]) 

T b : [a] (-)■ [a] + (a, b) [b} , (3.11) 

where (•, •) is the intersection form. According to (3.1) we have 

Tg , (^n) ( g m\ g n-m^ 

u G : (i g m \g n ) ^ (g m+n \g n ), 

l g : {(g k \g l ), (g m \g n )) ^ {(g k \g l+rn ~ k ), ( g ™\g n + k ~™)), (3.12) 

Mg,p ; {(g k \g l ),(g mi \9 ni ),-Ag mp \g np )) 

^ (( g k \g l - k ),(g mi \g ni ),-,(g mp \g np )) • 

These maps generalize in an obvious way to the action of the Alap y-generators on 2N- 
tuples. Recalling from Definition 2.1 (ii) the relation between the generators Tq) etc. 
and Delin twists, by comparison with the Dehn twist action (3.11) one verifies that the 
so obtained action coincides with the one of Dehn twists on homology. More precisely, 
there exists a choice of orientations of the curves Oj, bi, Ci, di , e* defined in (2.5) such 
that the action of Dehn twists on a tuple ((g mi \g ni ), ■■■, (g mN \g nN )) can be identified 
with the action on the homology class mi[di) + ni\bf\ + ... + m^diy] + [b^] via (3.11) 

(a useful relation is [6,] = ± ([c£ i _ 1 ] — [c?*]), where the sign depends on the choice of relative 
orientations). 

To establish the remaining part of (i), note that the identification of first homology 
classes and tuples of the relevant type gives a surjective map from the first homology 
(with coefficients in Z) to a subset of Cq N , equivariant with respect to the action of 
Sp(2A^, Z), i.e. symplectic orbits on homology are mapped to orbits on 2A-conjugacy 
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classes. We therefore first determine the symplectic orbits of the defining action on Z x2JV 
(corresponding to the first homology with a chosen symplectic basis). Now the SL(2, Z)- 
orbits on Z x2 are characterized by the greatest common divisor, i.e. (m\n), ( p\q ) G Z x2 
belong to the same orbit iff gcd(m, n) = gcd(p, q). In particular, every SL(2, Z)-orbit has 
a unique representative of the form (r|0). The group Sp(2Af, Z) has a generating set 
consisting of the linear transformations 

(rrii\ni) n- (■ rrii+ni\ni ) and (mj|rij) n- (n,| —mi) (3.13) 

acting on an arbitrary single entry of an TV-tuple ((mi|ni),..., (mjv|?Rv)) £ Z x2Ar , and of 

((mi\ni),(m i+ i\n i+1 )) ((m — n i+l \rii), (mi +1 -ni\n i+1 )) and 

(3.14) 

((^h | ^i) i (jTli+1 |^i+l)) 1 t (('Uij_(_^ |'Uj_(_i), (mini)) 

acting on two consecutive entries of the tuple (see e.g. [Bu] for N = 2, and [FaM, 
Sect. 6.1.1] for general N). Clearly for each i = 1,2, ...,1V the transformations (3.13) 
generate subgroups, each of which is isomorphic to SL(2,Z) acting on pairs of integers. 
Thus every orbit has a representative tuple of the type ((r*i10), (r 2 |0),..., (rjv|0)). Fur¬ 
ther, by a combination of transformations of the type (3.14), for each i we can add any 
integer multiple of r i+ \ to r* without changing any other entries. Specifically, choose that 
multiple to be 1, use SL(2, Z) to replace one of the non-zero entries with gcd(r*, r i+ 1 ), and 
then add the result multiplied by — r i+ i/gcd(rj,r i+ i) to r i+ i\ hereby the latter entry is 
set to zero. Combining this procedure with further swaps of pairs of entries, inductively 
we end up with the tuple 

((gcd(mi,... ,m N ,ni ,..., rpv)|0), (0|0),..., (0|0)). (3.15) 

Since the generators (3.13) and (3.14) preserve the gcd of the entries, the element thus 
obtained characterizes the orbit. 

In the considerations above we have, however, ignored that the group element g has 
finite order o(g). To remedy this omission we must consider the symplectic action on 
(Z/o(g)Z) x2Ar . Reducing modulo o (g) it is still true that every orbit has a represen¬ 
tative of the form (3.15), albeit the non-zero entry is reduced modulo o(g). Indeed, 
in (Z/o(g)Z) x2Ar the two elements ((r|0), (0|0),..., (0|0)) and ((r|o(g)), (0|0),..., (0|0)) 
are equivalent, and we can reduce the latter to ((gcd(r,o(o))|0), (0|0),..., (0|0)) using 
SL(2, Z). This concludes the proof of (i). 

If any two different elements of the subgroup (g) generated by g belong to distinct con- 
jugacy classes, then any two different 2iV-tuples of integers in the interval [0, o(p)—1] 
determine different 2iV-conjugacy classes. In other words, the map from (Z/o((?)Z) x27V 
to Cq N that associates to the 27V-tuple ((mi|rii),..., (mjvl^ijv)) the 2A r -conjugacy class 
containing ({g mi \g ni ), ■■■, (g mN \g nN )) is an injective Sp(27V,Z/o(p)Z)-map. This im¬ 
plies that the Map^-orbits of such 2A r -conjugacy classes coincide with the orbits of the 
defining action of Sp(2Af,Z/o(p)Z) on (Z/o(g)Z) x27v . It remains to be shown that the 
number gcd(mi,..., m^, ni ,..., un, o(g)) characterizes the orbits. To see this, we ana¬ 
lyze how this number changes under the Sp(2AT, Z/o(^)Z)-action; it suffices to consider 
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the transformation in (3.13) and the one in the first line of (3.14). Now clearly one 
has gcd(p, q) = gcd (p+q, q) for any pair (p, q ) of integers, as well as, reducing modulo k, 
gcd(p, q, k ) = gcd (p+q, q , k). In the same way it follows that gcd(m, n, p , q) = gcd (m—q, n, 
p—n, q ) for any quadruple (m, n, p, q) of integers, as well as 

gcd(m, n, p,q,k ) = gcd(m — q,n,p — n, q, k) . (3.16) 

We conclude that the number gcd(mi, ..., m#, ni, ••• ,nN,o(g)) indeed characterizes the 
orbit of ((mi|ni), (m 2 |n 2 ),..., (mjvl^jv)), thus finishing the proof of (ii). □ 

There is an interesting group action on the set Cq N of 2iV-conjugacy classes. Denote 
by (Z/ecZ) x the multiplicative group of integers modulo e G , and for any m G (Z/ecZ) x 
define the power map 

Pm , N : ( g |x) (WK), te”W),.... MK)) • (3.17) 

Owing to gcd(m, e G ) = 1, p m ,N is a permutation of G x2N . Moreover, p mt N is equivariant 
with respect to the G-action, and so induces a well defined permutation of Cq N for every 
N G N. For IV = 1 we simplify notation by setting p m := p m ,i- 

Proposition 3.6. 

(i) The set {p TO jv | m G (TL/qg^)^} furnishes an action of {fl>jQ G 7lT) x on Cq N . 

(ii) For N = 1, when restricted to the set of diconjugacy classes that are represented by 
pairs (g\x) such that [x,g\ commutes with both g and x, this action is equivariant with 
respect to the action of the genus-1 mapping class groups generated by Sg and Tq. In 
particular, the action on /W^g) Map ^equivariant for any s G Z(G). 

(iii) For any N, when restricted to 2N-conjugacy classes that are represented by 2N-tu¬ 
ples of the type ((g kl \g l1 ),..., (g kN \g lff )) for some g gG, this action is Map N -equivariant. 

Proof, (i): Clearly, the maps p m ,N furnish a group action; pi_/v is the identity and 

P m,N ° Pn,AT P mn,N• 

(ii): For [x,g] — e we have 

T g o Pm (g\x) = (, g m \g~ m x m ) = {g m \{g~ x x) m ) = p m ° T G (g\x) . (3.18) 

More generally, in case [x, g\ commutes with g and x simple rearrangements of group ele¬ 
ments give (g m \g~ rn x m ) = (g m \(g~ 1 x) m [x, g] m ) and ( g m \(g L x) m ) 9 = (g m \(g~ 1 x) m [x, g] m ). 
Thus in this case we still have T G o p m (g\x) = p m o T G (g\x). Further, without any as¬ 
sumptions on the pair (g\x) we have 

So ° Pm : (dx) n- {x~ m \(g m ) xrn ) = ((x~ m Y m 1 \((g m ) x ) xrn J ) and 

(3.19) 

PmO S G : (g\x) ^ (x- m \(g x ) m ) = {x~ m \(g m ) x ) . 

Hence the action of p m commutes with the action of S G on C G , and with the action of 
Tg on the subset represented by pairs (g |x) with the property that [x,g] commutes with 
g and x, thus proving also (ii). 

The proof of (iii) is easy and left to the reader. □ 
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Remark 3.7. In a holomorphic orbifold conformal field theory the (Z/ecZi)*-action on 
Hf 1 (c e ) as described in Proposition 3.6 (i) corresponds to the action of the Galois group 
Gal(Q(e 27n / eG )/Q) on the labels of simple DG'-modules as described in [CGR, Sect. 2.2], 

Theorem 3.5 shows that a quantum representation necessarily contains sub-representa¬ 
tions (coming from the invariant set (c e )) that factor through to the symplectic action 
on the first homology of the surface. As can be inferred from the proof of the theorem, 
the underlying group actions can be fully understood as quotients of the defining action 
of Sp(2iV, Z) on Z x27V . One first mods out by the order of a group element, which results 
in the natural action of Sp(2iV, Z/o(g)Z) on (Z/o(g)Z) x2Ar . For any given finite group G 
it is then a straightforward exercise to work out the additional identifications of points 
of (Z/o(g)Z) x27V that are implied by reducing to 2iV-conjugacy classes. 

A question of obvious interest is therefore whether also in general the mapping class 
group action factors through to the symplectic action. In other words, we would like 
to know whether the Torelli group TA < Map^ lies in the kernel of the group homo¬ 
morphism Uq (3.5). At genus g = 1 this is not an issue, as the genus-1 Torelli group 
is trivial. At genus g = 2 the situation is somewhat exceptional: it is known [Me] that 
the Torelli group is generated by Dehn twists around genus-1 bounding simple closed 
curves. For genus g > 3, a classic result [Jol] shows that the Torelli group is generated 
by genus-1 bounding pair maps. Moreover, the mapping class group Map^ 1 acts on the 
fundamental group tt of a surface of genus N and with one hole, and thus also on the 
nilpotent quotients tt / tt ^ of tt by the members 7T[ m ] := {{ tt , 7T[ rn _ 1 ]]) of its lower central 
series. Define Map Ari ( , m) to be the kernel of this action on vr/7T[ m ]. This defines a filtra¬ 
tion, the Johnson filtration of Map^, with Map 7V1 (0) = Map 7V1 and Map Ar i (l) =‘3hv i i. 
It is implied by the main result of [Jo2] that for N > 3, Map 7V1 (2) is the group generated 
by Dehn twists around bounding simple closed curves. Taking the suitable quotients 
to Mapjvo there are analogous statements for Map^, Tat, and Map^(m). We are thus 
ready to state our main result: 

Theorem 3.8. 

(i) For N> 3 the Torelli group T ^ is represented non-trivially in the quantum represen¬ 
tation associated with the group G iff G is non-abelian. 

(ii) The group X 2 is represented non-trivially iff there exists a pair ( g\x ) eGxG such 
that [g, x\ ^ Z( g j x y 

(iii) The groups Map JV (2) are represented non-trivially if there exists a pair (g\x) G G x G 
such that [g, x] ^ Z( g \ x y 

It follows that for N >3 the quantum representation of Map^r factors through to the 
symplectic representation iff G is abelian. For iV = 2 it can still happen that the quantum 
representation factors through to the symplectic representation even if G is non-abelian. 

Proof, (i) Since N>3, Zn is generated by genus-1 bounding pair maps. All bounding 
pair maps of a given genus are conjugate in the mapping class group, as follows e.g. from 
the change of coordinate principle of [FaM], It is thus enough to check the action of a 
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single bounding pair map of genus one; we choose the one generated by the cycles d 2 
and e 2 . Put differently, it suffices to check the action of {Tq" > )~ 1 oMq\ with and 
Mq as defined in (3.2) and (3.4). Restricting attention to the two ‘right-most’ pairs 
((g\x), ( h\y )) in a 21V-tuple (g|y), we have 


Pc 1 ) -1 o : (bin, (fci»)) —>■ «s i s 4 y, mg- 1 ) 1 ), i . (3,20) 

Thus if G is abelian, then ((g\x), ( h\y )) is mapped to itself, so the bounding pair map 
acts trivially. If, on the other hand, G is non-abelian, then ((e|e), ( h\y )) is mapped to 
((e | [ y,h ]), (} h,y ^h | ^ h,y ^y)). Whenever h and y do not commute, this is not conjugate to 
((e|e), (h\y)^), hence the bounding pair map acts non-trivially. Moreover, since N> 3, 
there do exist 21V-tuples containing quadruples of the relevant type in /i^(c e ) and in 
/^(c) for at least one c^c e (albeit not necessarily for every cGlm(/i 7 v)). Thus the 
proof of (i) is complete. 

(ii) The group X 2 is generated by Delin twists along separating simple closed curves of 
genus 1 and thus, again by the change of coordinate principle, normally generated by a 
single curve of that type. Consider a subsurface of the following form: 



(3.21) 



Denote by T s the mapping class of the Dehn twist around a simple closed curve s. It is 
easily checked (using, for instance, the star relation, see Equation (E) in [Ge]) that 

(T a oT b f = T c (3.22) 

with a, 6, and c the curves shown in (3.21). (Likewise one sees that {T~ l o T fc -1 ) 6 = T c _1 .) 
The Dehn twists T a and T h are represented on 21V-tuples by Tq* and Uq } respectively. 
Restricting to the pair on which these permutations act non-trivially we have 


T g oU g : ( h\y ) (yh\h x ) 

and thus 

( T g oU g ) 2 : (h\y) ^ (y^h-'y- 1 ) , 

C T G oU g ) 3 : (h\y) (h~ 1 [y,h]\(y~ 1 ) h ), 

so that 

T C ) ((g\x),(h\y)) ^ ((g\x),(lM\y^)) . 


(3.23) 

(3.24) 

(3.25) 
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We conclude that the Dehn twist T c , and thus the group T 2 , is represented trivially 
iff ((g\x), (h [y ’ h \y [y ’ h] )) is conjugate to ((g\x), (h\y)). This, in turn, is the case iff 
[y,h\ &Z(h\y) or [y,h\ EZ( g \ x y In other words, X 2 acts non-trivially iff there exist two 
pairs (g\x) and (h\y) such that [y,h] Furthermore, two pairs with this 

property exist iff there exists a single pair (g\x) such that [g, x] ^ Z( g \ x ) - take (h\y) = (g\x) 
or (x\g). Considering the action on ((p|x), (:r|g)), it follows that if X 2 acts non-trivially, 
then it acts non-trivially on ^2 1 (c e ). This establishes the statement (ii). 

(iii) now follows because the group Map iV (2) contains in particular all Dehn twists along 
genus-1 separating curves, including the curve c considered in the proof of (ii). □ 

Remark 3.9. 

(i) The kernel of the quantum representation of Map x 0 is a lcvel-ec congruence subgroup 
[CG, Ba2, SZ] . It is natural to wonder whether this property extends to all genera. 
Recall that the level-fc principal congruence subgroup Map^ffc] of Map^y is the kernel of 
the natural surjection to Sp(21V, Z/fcZ). Theorem 3.8 immediately provides a negative 
answer, in general: Map jV [k] necessarily contains Tat, which according to the theorem 
generically is non-trivially represented (unless G is abelian). 

(ii) Theorem 3.8 implies that for abelian G, all quantum representations considered here 
factor through to the symplectic representation. Actually, it follows from the fact that 
in this case all simple objects of the monoidal category of G'-modules are invertible that 
all quantum representations, not only those discussed here, share this property (this can 
e.g. be seen with the help of the so-called TFT construction of [FFRS]). 

Let us finally give a procedure to trivialize the action of Tat. 

Proposition 3.10. The canonical surjection G x2N —>■ (G ab ) x2Ar induces a surjective 
Map N -map n N : C G N 

Proof. It is easy to see that the permutations (3.1) are well-defined on cosets. We content 
ourselves to illustrate this property for the case of T G . For p,q eG' we have 

T g : (gp\xq) 1 —» (gplp^g^xq) = (gp\g~ 1 xp~ 1 \p^ 1 1 g~ l x]q) (3.26) 

for any pair g,x G G, so that the claim follows from p -1 [p _1 , g~ l x\q G G'. Further, using 
that G' is a normal subgroup of G, it follows immediately that the canonical surjection 
induces a surjection of C™ onto C 2 !f b . □ 

This procedure is very crude, however. Indeed, by Theorem 3.5 there exist, for any 
G, Mapjy-orbits on Cq N on which TA acts trivially, whereas G ab = {e} for any perfect 
group G. In other words, the restriction of to orbits on which TA acts trivially is in 
general not injective. 

3.2. Genus 1: SL(2, Z)-action on diconjugacy classes 

At genus N = 1 there are features that are absent at higher genera. In particular, the 
SL(2, Z)-action on /ij' 1 (c e ) can be expressed very concretely. 

We first state two simple identities. 
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Lemma 3.11. If [x,g\ commutes with both g and x, then we have 

(g a x b y = g ac x bc [x, g ] ab ( S) (3.27) 

for any triple a,b,cE 7L, with the convention that Q = sgn(c) (^) for |c| > 1 and (!)) = 0 
otherwise. 


Proof. For a, b, c E N this follows easily by induction in c. The elementary identities 

[x, g }~ 1 = [x, g~ 1 } 9 = [x, g _1 ] and [x, g }~ 1 = [x _1 , g] x = [a; -1 , g] (3.28) 

then imply that the formula (3.27) even holds for all a,& 6 Z. The extension to negative 
integers c is directly implied by the stated convention. □ 

Lemma 3.12. If [x, g] commutes with both g and x, then for any (^ h )> (r l) e SL(2, Z) 
t/ie pair 

(gP k+ i m x pl+qn [x gY ,qlm+kl ^) +mn { 2 ) | ^ rfc+sm x rZ+sn [x ^] rsZm+fcZ ( 2 ) +mn ( 2 )^) (3 29) 

is conjugate to 

(g pk+qm x pl+qn \g rk+sm x rl+sn [x,g] p ), (3.30) 

with the integer P given by 

P = rslm + kl + mnQ) — (( rl+sn ) 2 — (rfc+sm) 2 ) (pqlm + kl(^) + mn(^j ) . (3.31) 

Proof. As a first step we prove that the integers pk + qm and pl + qn are coprime. To this 
end set d := gcd(pk+qm,pl+qn) and write pk + qm —da and pl + qn — db. If p^O we 
can write k = (da — qm) /p and l = (db — qn)/p, and because of hi — Im = det ( k 1 ) = 1 
we have n(da — qm) — m(db — qn ) — p if and only if nda — mdb = p, which in turn implies 
that d divides p. Since qm = da — pk , qn — db — pi and gcd(p, q) = 1, it then follows that 
in fact d\m and d\n, and this implies further that d = 1 because also gcd(m, n) = 1. The 
same conclusion can be reached when instead p — 0 ; together it follows that pk + qm is 
coprime to pi + qn, as claimed. Next, by another simple calculation we have 

(, g a x b Y xd = g a x b [x, g] bc ~ ad . (3.32) 

Combining this identity with the Euclidean algorithm (and remembering that [x, g\ 
commutes with g and x) it follows that we can choose integers a and b in such a way 
that 

^g pk+ 1 m X pl+qn [x gfp ( l lm+kl ( 2 ) +mn (i)y ax — gV^+qm x pl+qn (3 33 ^ 

Conjugating the pair (3.29) with g a x b then establishes that it is indeed conjugate to the 

pair (3.30) for some integer P. To determine this number, we note that 

(pk + qm) (rl + sn) — (pi + qn) (rk + sm) = (kn — Im) (ps — rq) = 1 , 

which implies that the integers a and b may be chosen as 

a = — (rl + sn) (pqlm + kl + mn Q)) , 

b = — (rk + sm) (pqlm + kl (^j + mn ( c £)) . 

As a result, the integer P takes the value (3.31). □ 


(3.34) 


(3.35) 
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We can now state 


Theorem 3.13. If g,xEG are such that their commutator [x,g\ commutes with both g 
andx, then the element (“^) eSL(2,Z) acts on the diconjugacy class (g\x) as 

(cd) : (9\x) •—> (g a x b \g c x d ). (3.36) 

In particular, the formula (3.36) gives the SL(2,Z )-action on / nj" 1 (c s ) for any s G Z(G). 

In the particular case of s = e, the formula (3.36) for the action on jif ] (c e ) has already 
been presented in [KSSB, Eq. (5.2)]. 

Proof. We first show that the prescription (3.36) defines an action of SL(2, Z) on /ih 1 (c e ). 
Obviously the unit matrix acts as the identity transformation. Further we have 


(?J)l 

( k l \ _ / pk+qm pl+qn \ . 

\ m n ) V rk+sm rl+sn ) 

(g\ x ) 1 —> 

^gPk+qnixPl+qnigrk+sm^rl+Bn^ 

(3.37) 

while 

( / ) : 

\ m n / 

(g\x) 1—i 

■ (g t x l \g m x n ) 

(3.38) 

and 

(?!): (gV\gV): 

((9 k x l 

r(g m x"y\(g t x l y(g m x n )‘) . 

(3.39) 


Clearly, the expressions on the right hand sides of (3.37) and (3.39) coincide if [g,x\ — e. 
Thus (3.36) indeed defines an action of SL(2,Z) on nf l (cf), and in fact even on the set 
of commuting pairs. Next we simply note the specific cases 


(5 q 1 ) : (g\x) ^ 0 % \g) and (JJ): {g\x) ^ (g\g l x). (3.40) 

Since these two matrices generate the group SL(2, Z), and since the permutations Sq 
and Tg act on commuting pairs in exactly the same way, it follows that Map! acts on 
p7 1 ( c e) as advertised. 

In generality, note that Sq maps (g\x) to (x -1 ^ 1 ) = {(x~ 1 ) x \g x ), so the action of Sq and 
Tq is still given by the formulas (3.40) when interpreted as the action on diconjugacy 
classes, even for non-commuting pairs ( g\x ). What remains to be shown is that if [x,g\ 
commutes with both g and x, then the expression on the right hand side of (3.39) is 
conjugate to the one on the right hand side of (3.37). To see this, we observe that when 
combined with the identity 

g‘x yi'= s *i w [i, 9 ] k , (3.41) 


Lemma 3.11 implies that the right hand side of (3.39) coincides with the expression 
(3.29). Next we observe that the identity (3.32) implies that 

^grk+s m x'rl+sn\9 pk+qrnxPl+q i _ ^rk+sm^rl+sn^. (pk+qm)(rl+sn)—(pl+qn)(rk+sm) 

Invoking (3.34), this in turn implies 


^gpk+qm^pl+qn | ^rk+sm^rl+sn g^ P ^j 


(g p k+q 


m x pl+qn} — P 


\ — P 

> — ^gpk+qm^,pl+qn\ n rk+sm^,rl+sn} 


g rll + am x rl+m ) , (3.43) 


with P as in Lemma 3.12. It follows that, under the assumed conditions on g and x, the 
right hand side of (3.39) is conjugate to the right hand side of (3.37). This completes 
the proof. □ 
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Recall from Remark 3.9 (i) that the kernel of the SL(2, Z)-representation that linearizes 
the action on is a level-ec congruence subgroup. We can now state the following 

generalization, the proof of which follows directly from Theorem 3.13 together with 
Theorem 2.8. 

Theorem 3.14. Let g,xEG be such that [x,g\ commutes with both g andx. Denote by 
W 9)X the sub-representation of the quantum representation on HoniT)G-mod(V(c [:r ff] ,id)> DG*) 
corresponding to the linearization of the SL(2, Z)- orbit that contains the diconjugacy class 
represented by ( g\x ). Then the kernel ofW 9tX is a level-ec congruence subgroup. 

Remark 3.15. (i) Theorem 3.14 does not generalize to arbitrary pairs g,x of group 
elements. For instance, for G = A$, which has exponent 30, the action of SL(2, Z) on the 
orbit containing the diconjugacy class represented by ((12345) | (345)) does not satisfy 
the relations of SL(2,Z/PZ) for P = 30, nor for any other PeN. More generally, writing 
out the actions of (some of) the relators of SL(2,Z/PZ) from [CG, Lemma 1] yields 
expressions for which there is no obvious reason for being trivial. Accordingly we expect 
that the kernels of the linearizations of SL(2, Z)-actions on Cq\ / nj“ 1 (c e ) will generically 
not be congruence subgroups. 

(ii) The counter example from part (i) shows in particular that the formula (3.36) cannot 
hold on Cq in general. 

4. Examples 

We now use results from Section 3 to determine the mapping class group orbits on Cq N 
for low genus N and a few specific groups G. For fixed group G the number of elements 
of C™ tends to grow rapidly with N. To cope with this complication, various com¬ 
putations, e.g. determining the orbits for genus N > 1, were performed on a computer, 
using GAP [GAP], Concerning names of finite groups, we follow the terminology used 
in version 4.7.7 of GAP. 

Note that according to Theorem 3.5, among the permutation representations of Map^ 
produced by the double of a finite group there are always orbits obtained as quotients of 
symplectic orbits. Furthermore, these are quotients with respect to the action of power 
maps as described in Proposition 3.6 (iii). The structure of such orbits is universal in the 
sense that the order of a group element g together with the conjugacy classes containing 
all powers of g already determines the corresponding mapping class orbit. For that 
reason we first include a short description of the possible quotients of symplectic orbits 
that may arise. Afterwards, in the list of examples, we then largely refrain from a precise 
description of these kinds of orbits. 

4.1. Finite symplectic orbits and their quotients 

By definition, the natural action of the symplectic group Sp(2A^, Z) on (Z/ZcZ)^ factors 
through the finite group Sp(2A^, Z/ZcZ). The orbits of 2Wconjugacy classes represented 
by elements of the form (3.9) can be identified with Sp(2A^, Z)-orbits in (Z/ZcZ)^, 
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or orbits in quotients thereof. (A word of warning is in order, however. When fixing 
representative tuples to label 2fV-conjugacy classes it may happen that taking a relevant 
quotient appears to identify two different orbits. This is then entirely an artifact of the 
chosen labeling of diconjugacy classes.) 

We will now explain how all orbits of this type may be obtained; later on we will 
largely restrict the discussion to non-symplectic orbits. Assume first that N — 1, and 
consider the action of SL(2, Z) on (Z//cZ) 2 . Write the elements of (Z//cZ) 2 as (m\n). 
The element (0|0) is a fixed point, corresponding to the divisor k of fc; in addition there 
is one orbit for each divisor d of k with d<k , containing the element (d|0) (see Theorem 
3.5). The orbit containing (d|0) consists of all elements (p\q) such that gcd (p,q,k) — d. 
The number of orbits is thus d(fc), the number of divisors of k. ft remains to describe 
the possible quotients of these orbits. To this end we must characterize the possible 
equivalence relations on the SL(2,Z)-set (Z/fcZ) 2 . These are precisely the bijective 
SL(2, Z)-maps, i.e. the automorphisms of the SL(2, Z)-set (Z/fcZ) 2 . We have 

Proposition 4.1. A bijection p of the set {JL/kUd) 2 commutes with the natural SL(2,Z)- 
action iff p is a power map p m for some m G (Z/fcZ) x . Moreover, the group of SL(2,Z)- 
equivariant automorphisms of (Z/fcZ) 2 is (Z/A;Z) X . 

Proof. Let ip: (m\n) n- (pi(m, n)\p 2 {m, n)) be an SL(2, Z)-equivariant automorphism of 
(Z/fcZ) 2 . Using that the generator T preserves the first entry of a pair we see that p\ 
only depends on the first argument. We further have 


S o <^((m|n)) = (—p 2 (m,n)\pi(m)) and 
p O S({m\n)) = (pi(-n)\p 2 (-n, m )), 


(4.1) 


so that requiring that p commutes with S implies that p 2 (m,n) — p 2 (n) =p\ (n). Then 


T o p((m\n)) = (pi(m)\pi(n) — pi(m)) and 
p o T(fm\n)) = (pi(m)\pi(n—m ), 


(4.2) 


hence the requirement that p commutes with T gives pi(m+n) — p\{m) + pi(n). In 
other words, p\ must be an automorphism of the group Z/fcZ. The automorphism 
group of Z/fcZ is (Z/fcZ) x , and it follows that p must be a power map p m for some m. 
Conversely, every such power map satisfies the requirement. □ 


Let now N be an arbitrary positive integer, and consider the action of Sp(2W, Z) on 
(Z/fcZ)” with elements ((mi|ni), (m 2 \n 2 ),..., (mjv|?Uv))• It follows again from The¬ 
orem 3.5 that there is a fixed point (0|0), and in addition one orbit for each divisor 
d of k with d<k, containing the element ((d|0), (010),..., (0|0)). The latter orbit con¬ 
tains all elements for which gcd(mi, n±, m 2 , n 2 ,..., m^, un, k) = d. It remains to describe 
the possible quotients of these symplectic orbits, so again we need to investigate auto¬ 
morphisms of the Sp(2A^, Z)-set (Z/fcZ) 2Ar . However, observe that the automorphisms 
which may result in the identification of elements of the type ((g kl \g l1 ), ■■■, (g kN \g lN )) 
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and ((g mi \g ni ), ..., (g mN \g nN )) are implemented by conjugation. In particular, for each 
i G {1, 2,..., N} the exponent m* can only depend on /c*, but not on any other exponent 
kj nor on any lj , and likewise n* can only depend only on /*. Thus such an automorphism 
ip acts as ip : /c* i— y ntii = <Pi(kf) and ip\ l t i-G n it — More generally we can state 


Proposition 4.2. A bijection ip of the set (fLjkTLff 11 ^ of the form 

ip : ((mi|ni), (m 2 |n 2 ),..., (■ m N \n N )) 

i—» ((^i(mi)|^i(ni)), (^ 2 (?«2)|^2(n 2 )),..., ((pN(rn N )\^N(n N ))) 


(4.3) 


commutes with the Sp(2iV, Z)- action iff ip acts on each pair {rutlnf) as one and the same 
power map p m . 

Proof. Suppose p> is an automorphism of the form (4.3). We demand that (p commutes 
with all generators of Sp(2iV,Z) as given in [Bn], Equivariance with respect to the 
generator that acts as (m^TZi) (->• (mj+nj|nj) gives ^(m; + nf) —(piimf) + ^j(rij), while 
equivariance with respect to the mapping (mj|nj) n- yields ) = Pi( n i) an d 

Pi(—mi ) = —( pi(mi ). These equalities must hold for all i — 1, 2,..., N and for all m, and 
Hi. It follows that ifi — ipi for every i, and that each pi is a group automorphism of 
Z/fcZ. This implies, in turn, that the action of ip on a pair (mj|nj) is implemented 
by a power map p; t for some G (Z/A:Z) X . Imposing that ip also commutes with all 
transpositions ((mj|nj), (m, + i|? 7 .j + i)) i —y ((mj + i|nj + i), (mj| 7 ij)) then implies that Pi — Pj 
for all i, j = 1, 2,..., N. It is now easily verified that <p commutes with all generators of the 
type ((mi\ni),('m i+1 \n i+1 )) ((m i -n i+1 \n i ),(m i+1 -n i \n i+1 )) as well. This completes 

the proof. □ 

Proposition 4.2 enables us to describe any (quotient of a) symplectic orbit that may 
occur in the mapping class group action on 2iV-conjugacy classes. In order to illustrate 
this point, we present the SL(2, Z)-orbits on (Z/fcZ)"' for A; = 3,4, 5 together with their 
quotients. The following figures show the sets (Z/fcZ) 2 for k — 2, 3, 4, 5, together with the 
actions of the generators T (displayed as dashed lines) and S (dotted lines) of SL(2,Z). 


(Z/2Z) 2 : 2 orbits 
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(4.7) 


Thus in all four cases there is the fixed point (0|0) and the orbit containing (110). In the 
case of (Z/4Z)~ there is a further orbit of length three containing (2|0). 

We illustrate the possible quotients in the cases k = 3,4, 5. We have (Z/3Z) x = {1, 2}, 
so we should mod out by p 2 , whose action is indicated in the following figure. 


(Z/3Z) 2 : p 2 -action 



(7T (o|i)| (i|o> •—* < 2 i°> 


(4.8) 


The quotient can be illustrated by choosing representatives of the equivalence classes, 
as indicated in the following figure. 
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(4.9) 


(Z/3Z) 2 /p2 


W' " A 

[( 0 | 1 )] [( 1 | 1 )] <-[( 2 | 1 )] 


: j x y 

[( 0 | 0 )] [( 1 | 0 )] 


Likewise, the only non-trivial element in (Z/4Z) X is 3. We have 


(Z/4Z) 2 ; p 3 -action 


(0|3) 


( 0 | 2 ) 


( 0 | 1 ) 



(3|3) 


(3|2) 


(3|1) 


(0|0) (1|0) (2|0) (3|0) 

The corresponding quotient and its SL(2, Z)-action is shown in the next figure. 


(4.10) 


(Z/4Z) 2 /p 3 


1 ( 0 | 2 )] 


[( 0 | 1 )] 


1 ( 0 | 0 )] 


[( 112 )] 


^ I 
[( 1 | 1)1 ' 


[( 1 | 0 )] 


1(212 )] 


-> 1(2| i)i I 


1(210 )] 


1(3| 1)] 


(4.11) 


The group (Z/5Z) x has three non-trivial elements, 2, 3 and 4. Note that 2 3 = 3 mod 5, 
and 3 3 = 2 mod 5, hence the equivalence classes under p 2 and p 3 coincide. The actions 
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of p 2 and P 4 on 


(Z/5Z ) 2 


are indicated as follows: 




(Z/5Z) 2 ; p 4 -action 





(1|0) (2|0) «-> (3|0) (4|0) 


(4.13) 
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The quotient (Z/5Z)"/p 2 can be illustrated as 


(Z/5Z) 2 /p 2 


[(o|i)] 


[(i|i)l ■■ 

1 fv 


[( 2 | 1 )] 


-> t(3ii)i ■;.i(4|i)] 


1 ( 0 | 0 )] 


■J "V 
[( 1 | 0 )] 


(4.14) 


Analogously, the quotient (Z/5Z) 2 /p 4 takes the form 


(Z/5Z) 2 /p 4 


1 ( 0 | 2 )] 


1 ( 0 | 1 )] 


1 ( 0 | 0 )] 


[(1|2)1 1(212)] <.> [(3|2)] 

i r '--. / K 'S 

i / \ / / 

I ’•/. s S / 

I ' '< ' ■ 

I ' / N 

I 1 

^ I y t 

i(i|i)i,. : i(2ii)i [(sip] 

, 1 ..V 

• I \ ^ " 

’’•I. ' / 

I •• ' - " 

i \ - r 

i ^ " / 

4 y ___ L 

[(1|0)] ' 1(210)] 


[(4|2)] 


1(4|1)] 


(4.15) 


In the sequel we will mainly focus on non-symplectic orbits, referring to the present 
subsection for the remaining ones. 

4.2. Dihedral groups D n , genus 1 

Basic data. The dihedral group D n , for n E N, has the presentation 

D n = {x,y | x n = e = y 2 , yxy = x~ x ) . (4.16) 

The set {y a x p \ a = 0,1, p = 0,1,..., n— 1} exhausts the elements of D n , so that \D n \ = 2 n. 
We assume n> 2, since otherwise D n is abelian; also note the isomorphism D^ = Ss. 

D n has a normal abelian subgroup ( x) = Z/nZ; for odd n the subgroups of (x) are the 
only normal subgroups. In D 2p in addition the subgroup (x 2 ,y) = D p is normal. Some 
additional pertinent properties of D n are given in the following list. 
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n = 2p + 1 : 


Exponent: 

2 n = Ap + 2 

Center: 

Z(D n ) = {e} 

Conjugacy classes: 

Ce = {e} , 

c x k = {x k ,x~ k } (k G { 1 , 2 ,... ,p }), c y = {y,xy,...,x n ~ 1 y} 
\Cd u \ = P + 2 = \ (n + 3) 

CD n {cx fc | ^ 0 ) I; ■■■ j P } 

Centralizers: 

Z x k = (x) for A: = 1,2,... ,p, Z y = (y). 

n = 2 p: 

Exponent: 

\ n = 2p for p even 

1 2 n = 4p for p odd 

Center: 

Z(D n ) = (x p ) 2* Z/2Z 

Conjugacy classes: 

c e = {e}, 

c x k = {x k ,x~ k } (fee { 1 , 2 ,... ,p-l}), c xP = {x p }, 

c y = ...,x n ~ 2 y} , c XJ/ = {:£?/, £ 3 p ,... ,x n - x y} 

|Cr>„ | = P + 3 = | (ra + 6 ) 


c , _ \ {c e , C x 2 , .. ,c p _i} for p odd 
[ {c e , c x 2 , ..., c xP } for p even 

Centralizers: 

= (x) [k = 1, 2 ,... ,p— 1 ) 

= (x p , y) = Z/2Z x Z/2Z 
= (a4\x p+1 ?/) ^ Z/2Z x Z/2Z 


Map-L-orbits on for n = 2p+l. By the formulas (B.3) and (B.10) for the number 
of diconjugacy classes, respectively of diconjugacy classes mapped to c e = {e} by the map 
Pi, we have 

\C 2 Dn \ = n + 3 " + 4 = 2p 2 + 5p + 4 and \ni 1 (c e )\ = - = 2p 2 + 2p + 4 . (4.17) 

It is easily verified that the following pairs of elements form a complete set of represen¬ 
tatives of diconjugacy classes: 

(x k \x l ) for k — 0 and l — 0 , 1 ,... ,p or k — 1 , 2 , ... ,p and l — 0 , 1 ,..., 2p , 

(4.18) 

(y\x k ), ( x k \y ), (y\x k y) for k = 0 , 1 ,... ,p . 
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The number of such pairs, and thus of diconjugacy classes, is | [n 2 + 1) = 2p 2 + 2p + 1 
for the pairs of type (. x k \x l ), and \ (n+ 1) = p + 1 for the other three types. By abuse of 
notation, we use these pairs also to denote the diconjugacy classes they represent. We 
then have 

/B^Ce) = {(z*V)> (y\e), (e| y), (y\y)} (4.19) 

with k and l as in the first line of the list (4.18) and 

H^\c x 2 k) = {(y\x k ), (x k \y), (y\x k y)} (4.20) 


for k — 1 , 2 ,... ,p. 

Note that / nj _ 1 (c e ) consists of all those diconjugacy classes that are of the form analyzed 
in Theorem 3.5. It follows that /rjj 1 (c e ) splits into symplectic orbits, or possibly quotients 
of symplectic orbits. Because of y 2 = e the set {(y\e), (e\y), (y\y)} can be identified with 
the non-trivial symplectic orbit of (Z/2Z) 2 . The element x has order 2p+l—:n, so the 
remaining orbits can be described starting from the symplectic orbits of (Z/nZ) 2 . Apart 
from the trivial fixed point, there is one such orbit for each divisor d of n with d<n. 
There are thus d(n) symplectic orbits, with d(n) the number of divisors of n. As noted 
above, the corresponding diconjugacy classes contain two elements, since yx k y = x~ k . 
The map that takes (x k \x l ) to (x~ k \x~ l ) coincides with the power map corresponding 
to n — 1 G (Z/nZ) x . Suppose that k divides n and write n = rk ; then gcd(n, n—k ) = k. 
It follows that ( x~ k \e ) belongs to the same orbit as (x k \e), so dividing out the relevant 
automorphism does not change the number of orbits. In other words, the set of diconju¬ 
gacy classes represented by pairs of the form ( x k \x l ) consists of d(n) orbits. Moreover, 
these are the quotients of symplectic orbits by the automorphism defined by the power 
map corresponding to 2p = n — l. The set Pi l (c e ) thus consists of d(n) + 1 orbits. 

The remaining orbits are quickly determined. Each of the sets Pi l (c x k) with k = 
1, 2,... ,p, is Map [-invariant, and its structure is given by 

T : ( y\x k ) i —y (y\x k y) i —> (y\x 
S : (y\x k ) e-s- (x k \y) ( y\x k ] 

or pictorially: 

(y\x k ) <-* {y\x k ) < 


k ), {x k \y)^{x k \y), 

), ( y\x k y ) (y\x k y ), 


(4.21) 


(x k \y) 


(4.22) 


To summarize, C 2 D consists of d(n) + p + 1 Map 1 -orbits when n — 2p + 1. 

Map-L-orbits on C|, for n~ 2 p. Equations (B.3) and (B.10) give 

| C 2 Dn | = | (n 2 + 6 n + 16) = 2 p 2 + 6p + 8 and 
| lH l {c e )\ = \[n 2 + 28) = 2 p 2 + 14. 


(4.23) 
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We again denote diconjugacy classes by chosen representatives. Then we get the types 


(x k \x l ) for k — p, 0 and l = 0 , 1 ,... ,p 

or k — 1 , 2,... ,p— 1 and l = 0 , 1 ,..., 2p— 1 , 

(y\x k ) i (x k \y), (xy\x k ), (x k \xy ), (y\x k y), (xy\x k+1 y) 

for k = 0 , 1 ,... ,p. 

The numbers of these are \ (n 2 + 4) = 2 p 2 + 2 for type ( x k \x l ) and \ (n + 2) = 
each of the other types. Further, these types are distributed as 

lh 1 (Pe) = {(z*V)» (y\x ep ), (x ep \y ), (x ep \xy), ( xy\x ep ), (y\x ep y), (xy\x ep+1 y)} 

with e = 0,1 and 


(4.24) 


p + 1 for 


(4.25) 


AT \c-x 2 k) = {((y|x fe ), (x k \y), (xy\x k ), (x k \xy), (y\x k y), (xy\x k+1 y)} 


(4.26) 


with k = 1 , 2 ,... ,p— 1 . 

Again there are many symplectic orbits, all of which are contained in p^ l (c e ). More 
precisely, these are the orbits containing the diconjugacy classes of the pairs of type 
(x k \x l ), (y |e), (e| y), (y\y), (xy |e), (e\xy), and (xy\xy). The latter six diconjugacy classes 
form two orbits, each being equivalent to the non-trivial orbit in (Z/2Z) 2 . The dicon¬ 
jugacy classes of type ( x k \x l ) constitute the orbits of the quotient (Z/nZ) 2 /p n -\. As in 
the case of odd n it is easily verified that there are d(n) such orbits. In total we have 
thus obtained d(n) + 2 (quotients of) symplectic orbits. 

The remaining orbits are easily determined by hand. Assume that p is odd; then the 
remaining part of /ib 1 (c e ) forms a single orbit according to 


k 

(y\xP) 

■T 


(y\% p y) 


(xP\y) (xy\xP +1 y) (4.27) 


A 



s >1 k.' 


{x p \xy) ( xy\xP) 


If instead p is even, then the diconjugacy classes represented by (x p \y), ( y\x p ) and ( y\x p y ) 
form an invariant subset, by Proposition 3.2 (ii). Thus for even p the remaining part of 
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/i, 1 (c e ) splits into two orbits: 


(x p \y) < > (y < 


4 (yb p y) 


(4.28) 


( x p \xy) 


(xy\x p ) 


(xy\x p+ 1 y) 


Proposition 3.2 (ii) also implies that the orbits in p 1 1 (c x 2 k ) with k — 1, 2,... ,p — 1 follow 
a similar pattern. We have 



(yb fc s/) 


jj .j (c^fc), /c £ 2Z+1: 



•t- 


(o; fc |a:j/) 


(z 2 /h fc ) 


(4.29) 


and 


! (x fc |y) < > (yb' 0 ) 4 - 4 (yb fc y) (4.30) 

\ 

/ib 1 (c x 2 fc), k £ 2Z: 

/'~W 

! b fc by) < > (xy\x k ) <- 4 (x?/b fc+ 1 y) 


To summarize the n = 2p situation: When p is odd, then the set (7f, of diconjugacy 
classes splits into d(n) + 3 + 3 orbits, while for even p it splits into d(n) + 2 + tt 

orbits. 
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4.3. Generalized quaternion groups Q 4p , genus 1 

The generalized quaternion group Q 4p has the presentation 

Qa p = {x,y | x 2p = e, x p = p 2 , y^xy = x _1 ). (4.31) 

The order of Q 4p is 4p, and we may enumerate the elements as 

y 2e x k y a with e,aG{0,l}, k G {0,...,,p—1} , (4.32) 


where x~ k = y 2 x p ~ k and ( x k y ) _1 = y 2 x k y . The exponent of Q 4p is 2p for p G 2Z and 4p 
for p G 2Z+1, respectively, and the center of Q 4p is given by Z(Q 4p ) = (p 2 ) = Z/2Z. The 
conjugacy classes are 


c e = {e} , c x k = {x fc , x k } for k G {1, 2,... ,p— 1} , 

c y 2 = {y 2 } , c v = i x2k y I k = 0 , 1 ,... ,p-l}, 

C*y = {x 2fc+1 p | fc = 0 , 1 ,... ,p-l} , 


so that 

\CqJ=P + 3 and C' Q4p 
The centralizers are 


{c e ,c x 2 ,... ,c x p-i} for p odd, 
{c e , c x 2 ,..., c x p- 2 , C y2 } for p even . 


(4.33) 


(4.34) 


Z x k = (x) = Z/2pZ for k G {1, 2,... ,p—1} , 

= (p) = Z/4Z and = (xp) = Z/4Z. 


Equations (B.3) and (B.10) give 

|CqJ = 2 p 2 + 6 p + 8 and 


l/^i 1 (c e )l = 2 p 2 + 14. 


(4.35) 


(4.36) 


The subgroup (x) = Z/2pZ is normal, as is the subgroup generated by y and x 2 . The 
striking similarity with D 2p should not come as a surprise, as Q 4p and D 2p have the same 
character table. 

Labeling diconjugacy classes by representatives, the following list exhausts Cq (the 
number in brackets gives the total number of classes of the respective type). 


(x k \x l ) 

for k, l G {0,. 

-(M) ^ ( 0 , 0 ) 

(p 2 - 

- 1 ) 

(x fc p 2 x 

l ) for k G {1, 

G3 

1 

i— 1 

m 

o 

^3 

1 

h— 1 

(p 2 - 

-p) 

(y 2 \x k ) 

for k G {1,... 

,P~ 1} 

(p- 

■ 1 ) 

0 |e), 

(e\y 2 ), (p 2 e), 

(: y 2 \y 2 ) 

(4) 


(e| y), 

(y k), (y\y), 

( 2 /| 2 / 2 ), (A), ( 2 /| 2 / 3 ) 

(6) 


(e| xp), 

(xp e), (xp : 

£?/), (^ 2 /b 2 ), (i/ 2 ki/), ( xy,y 2 xy ) 

(6) 
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(x k \y) for k G {1,... ,p— 1} 

(y\x k ) for k e { 1 ,... ,p— 1 } 

(x k \xy) for k G { 1 ,...,p— 1 } 

(xy\x k ) for k G { 1 ,... ,p—l} 

(■ y\x k y ) for k G {1,...,p—1} 

(xy\x k xy) for k G { 1 ,... ,p— 1 } 

The first six rows of this list exhaust //i” 1 (c e ). The diconjugacy classes contained in 
rows 1-4 make up a quotient of the symplectic orbits on (Z/2pZ) 2 , namely the quotient 
with respect to the power map corresponding to 2p—l G (Z/2pZ) x , which implements 
the conjugacy relating ( x k \x l ) and (x~ k \x~ l ). There are always the orbits containing 
(y 2 |e) (of length three), corresponding to the divisor 2 of 2 p, and (x\e), corresponding 
to the divisor p of 2 p. In total there are of course d(2 p) orbits residing in the first four 
rows. Rows 5 and 6 are covered by Theorem 3.5 as well; they correspond to powers 
of y and of xy, respectively. Note, however, that ( xy) 2 = y 2 , so potentially there are 
identifications between the orbits. The details depend on the parity of p. For p even 
(when y is conjugate to ?/ -1 ), both rows 5 and 6 separately constitute the length 6 -orbit 
of the quotient (Z/4Z)/p 3 shown in (4.11). For p odd (when y~ x is conjugate to xy) the 
elements in these two rows now describe a single length -12 orbit pictured as follows. 


(p-1) 

ip~ 1 ) 

( p ~ ^ (4.37) 

iP- 1 ) 

iP~ 1) 

ip- 1 ) 


(y\y 3 ) 


( e l y) < 


(e| xy) < 


(y|e) 

-\A- 


(//i.r i. > iy 2 //) 


{y\y) 


<- 


(xy\y 2 xy) 


-V I 

(xy\e) 


~Y V 

(xy\y 2 ) 


\ ^ 

> (y 2 \xy) 


(4.38) 


(xy\xy) 


The set /q 1 (c e ) thus consists of d(2p)+l orbits when p is odd, and of d(2p)+2 orbits 
when p is even. 
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This concludes the description of the SL(2, Z)-orbits in /i, 1 (c e ). Before describing the 
remaining Mapj^-orbits, let us see how the rest of Cq fibers over Cq . We have 

fh 1 (c x 2k) = {( x k \y ), (x p ~ k \y), ( y\x k ), ( y\x p ~ k ), (xy\x k ), (xy\x p ~ k ), 

(x k \xy), (x p ~ k \xy), (y\x k y), (y\x p ~ k y), (xy\x k+ 1 y), (xy, x p ~ k+ 1 y) 

for | if p £ 2Z+i , 

\ ke{ 1, ... ,f - 1} if p G 2Z , (4 ' 39) 

/^(S 2 ) = {(z p/2 |?/), (l/k p/2 ), (au/|x p/2 ), (x p/ 2 \xy), (y\x p/ 2 y), (xy\x p/ 2 + 1 y)} 

if p G 2Z , 

Consider first the case k = 2l+l odd. The set /W' ( c x 2fc ) then forms a single SL(2,Z)- 
orbit that can be illustrated as 


kl i^X 4l + 2 ) ■ 




(j/l 3 


(y\xP- 2 l ~ 1 y) 

j\ /- 


-V ' 

(alr^+S) \ 


(y|* 2!+1 ) 


(* 2I+1 lw) 


Oc 2!+1 |®l/) 


^ ^y\x 2l + l ) 


(xy\x 2 l + 2 y) 


(xy\x p 2 l y) / 


(4.40) 


( xy\x p - 21 " 1 ) 




(x p ~ 21 — 1 |a;y) 
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Next consider the case k — 2l is even, and suppose first that p is odd. The set ji x l (c x u) 
again consists of a single orbit, shown in the following figure: 


h 1 (pr 4! ) • 
p e 2Z +1 


(xy\x 21 ) _ . 


(x 2l \y) 


(x 2l \xy) 


(4.41) 




{xy\x p 21 xy) <• 
i 


(y\x 2l y) < 


( y\x p 2l y) < 


{xy\x 2l xy) 


{y\xv~ 21 ) 


(x p 2l \xy) <- ■ 


-> (x p 2l \y) 




(xy\x p 21 ) 


k' 


If instead p is even, then the diconjngacy classes that have representatives in the sub¬ 
group H = (y, x 2 ) form proper invariant subsets of pk[ l (c x 2 k), i.e. the diconjugacy class 
represented by (xy\x 21 ) does not have a representative with the first element in H. By 
Proposition 3.2(h) it follows that the set /i^' {c x n) for 2 l^p consists of two orbits, as 
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shown in the following figure: 


hi (ha; 4 *) ■ 

p e 2Z 


(y\x p 2l y) 


y) < > (?/b 2i ) 


2i ) < > (x p ~ 2l \y) 


(4.42) 


(y\x 2l y) 


(xy\x p 21 xy) 


( x 2l \xy) <> ( xy\x 2l ) 


( xy\x p ~ 2l ) <• 


> ( x p 2l \xy) 


(xy\x 2l xy) 


The same argument implies that if p is even, then the orbits on p 1 1 (c y 2 ) depend on 
p mod 4, as shown in the following pictures. 


I (x p/2 \y) < > (y\x p/2 ) *- - > (y\x p/2 y) 

, pe4Z: 


(4.43) 


(x p / 2 \xy) < .> (xy\x p / 2 ) <■ - > (xy\x p / 2 + 1 y) 


hi 1 (c 2/ 2 ), p G 4Z+2: 


4r 

(yh p/2 ) 


(yh p/2 y) 

r. 


(x p/2 |y) 

■f* 


(a;j/|a; p / 2 + 1 y) 

4- 


(4.44) 


(a: p / 2 |a;i/) 


(a;j/|a; p / 2 ) 
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To summarize, when p is odd, then the set Og 4p consists of d(2 p) + (p+ 3)/2 Mapj-orbits. 
When p = 0 mod 4 there are d(2 p) + (3 p + 8 )/4 orbits, and when p = 2 mod 4 there are 
d(2p) + (3p+6)/4 orbits. 

4.4. Genus 2 and 3 
4.4.1. S 3 

Recall that S 3 is isomorphic to D 3 . We denote the non-trivial elements of S 3 as 

ai := (23), a 2 := (13), a 3 := (12), b := (123), 6' 1 = (132). (4.45) 

Then the three conjugacy classes of S 3 are c e = {e}, c a — {ai, a 2 , a 3 } and c& = { 6 , b^ 1 }, 
while C' Ss = {c e ,c b }. 

Map 2 -orbits: Obviously, Im(// 2 ) =C' S . Using GAP we obtain 

|G| 3 | = 251, |/r 2 - 1 (c e )| = 116, \^\c b )\ = 135. (4.46) 

We list the sets /r^ 1 (c e ) and /i 2 X (cb) is Table 2 and in Table 3, respectively; in both cases 
4-conjngacy classes are denoted by representative 4-tuples. Let us determine the orbits, 
starting with /i^" 1 (c e ). The quotient of the mapping class group that acts effectively on 
H 2 ” 1 (c e ) has order 394 419 752 309 411 020 800; it is a centerless group, i.e. the hyperclliptic 
involution (the only non-trivial central element in Map 2 ) is represented trivially. 

The first entry d\ E p^ipe) in Table 3 is a fixed point, while the 4-conjugacy classes 
d 2 -<i 41 fall into the conditions both of Proposition 3.2 (ii) and of Theorem 3.5. In other 
words, the latter set is mapping class invariant. Next, the classes c7 42 <i 56 satisfy the 
conditions of Theorem 3.5 and therefore form a mapping class invariant subset of order 
15. The remaining set is of order 60. Let us denote these sets of orders 15, 40, and 
60 by X 15 , X 40 , and Ado, respectively. I 11 contrast, none of the results of Section 3 is 
applicable to AU^Q,), so we simply set /^(q,) =: Ah 35 . 

The set Ads consists of one Map 2 -orbit that coincides with the non-trivial symplectic 
orbit on (Z/2Z) . Inspection reveals that all generators have order two, and indeed 
are products of disjoint transpositions. The group generated by these permutations, a 
quotient of the image of the quantum representation, has order 720 and is isomorphic 
to Sq. The stabilizer of any given 4-conjugacy class has order 48 and is isomorphic to 
Z/2Z x S 4 . An alternative characterization of the mapping class orbit X 15 is that it is 
equivalent to the orbit of the action of S 6 on two-element subsets of {1, 2 , 3,4, 5, 6 }. 

The set X 40 consists of a single Map 2 -orbit, too, coinciding with the non-trivial orbit in 
the quotient (Z/3Z) /p 2)2 . The group generated by the action of and U^\ i — 1,2, 
and L on A" 4 o has order 25 920 and is isomorphic to the simple group 0(5,3). The 
stabilizer of any one of the elements of X 40 has order 648. 

The Map 2 -set X 60 consists of a single orbit. The quotient of Map 2 that acts effectively 
on A 60 has order 15 216 811431 690 240; it is centerless but not simple, with three proper 
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di = ((e|e), (e|e)) 
d 5 = ((b|e), (b|e)) 
d 9 = ((e|e), (e|b)) 
di 3 = ((e|e),(b|b)) 
dn = ((&|£> _1 ), (e|e)) 
d 2 i = ((6|6 -1 ),(e|& -1 )) 
d 2 5 = ((6|b _1 ),(6|e)) 
d 2 9 = ((&|& _1 ),(b|&)) 
d33 = ((e|e), (6|fe -1 )) 

d37 = ((&|e)>( 6 l 6_1 )) 

dn = ((b|b), (6|b -1 )) 

^45 = ((ai|e), (ai|ai)) 
^49 = ((ai|e), (ai|e)) 
ds 3 = ((e|ai),(e|e)) 
ds7 = ((ai|e), (a 3 |e)) 
d 6i = ((e|ai), (e|a 2 )) 
d65 = ((ai|ai),(a 2 |a 2 )) 
d69 = ((< 12 1 b), (6|a 2 )) 
d 73 = ((b|e), (a 3 |e)) 

d77 = ((ai|a 2 ), Mb" 1 )) 
d si = ((a 2 |a 2 ), (b|a 2 )) 
ds 5 = ((a 2 |e), (e|b)) 
ds9 = ((a-2 |a-2), (a 2 |6)) 
d 93 = ((e|a 3 ), (6|e)) 
d 97 = ((a 2 |&), (a-21£> -1 )) 
dioi = ((<32|e), (b|b)) 
dios = ((<32 |e), (b|b -1 )) 
di09 = ((6|<3 2 ), (a 2 |a 2 )) 
dii 3 = ((e|b), (e|a 2 )) 


d 2 = ((b|e),(e|e)) 
d & = ((e|&), (b|e)) 
dio = ((b|e), (e|b)) 
di 4 = ((b|e), (6|6)) 
dig, = ((b|e), (6 _1 |e)) 
d 22 = ((b|e), (t.- 1 1&- 1 )) 
d -26 = ((e|6), (e|6~ 1 )) 
*0 = ((b|b), (6 _1 |e)) 
d 3 i = ((b|e), (& _1 |b)) 
d 3 g = ((&I6- 1 ), (&I&- 1 )) 
<^42 = ((e|«i), (e|ai)) 
dig = ((e|ai),(ai|ai)) 
dso = ((e|ai), (ai|e)) 
ds4 = ((ai|ai), (e|e)) 
dss = ((ai|e),(e|a 2 )) 
dg 2 = ((e|ai), (a 2 |a 2 )) 
dm = ((ai|ai), (o 2 |ai)) 
d 70 = ((b|e), (a 2 |a 2 )) 
d74 = ((b|b _1 )> (a 3 |e)) 
d7g = ((bib” 1 )- (e|a 2 )) 
d 82 = ((6|a 2 ), (b —1 |a 2 )) 
d 86 = ((e|a 2 ), (e|b)) 
d 9 o = ((a 2 |b), (a 2 |b -1 )) 
d 94 = ((a 3 |a 3 ), {b\e)) 
d 9s = ((6|ai), (fe _1 |a 2 )) 
dio 2 = ((e|a 2 ), (b|b)) 
d l 06 = ((e|a 2 ), (b|b -1 )) 
duo = ((&|e), (e|a 2 )) 
dii4 = ((6|&), (e|a 2 )) 


d 3 = ((6|6), (e|e)) 
d 7 = ((6|6), (b|e)) 
dn = ((e|b),(e|&)) 
diB = ((e|&), (b|b)) 
dig = ((b|b _1 ), (b _1 |e)) 

d 23 = ((b|b- 1 ),(b- 1 |b- 1 )) 
d 27 = ((b|& _1 ),(e|&)) 

<fei = ((b|b), (e|& -1 )) 
d 35 = (( e |b), (b —1 |b)) 
d 39 = ((e|b),(b|b _1 )) 
d4 3 = ((a-i|a.i), (e|oi)) 

d47 = ((<3i|a.i), (ai|ai)) 

dsi = ((ai|ai),(ai|e)) 
dss = ((e|e), (e|ai)) 
ds9 = ((a-i|e), (a 2 ]a 2 )) 
d63 = ((a-i|a.i), (a 3 |e)) 
d 67 = ((a-i|a.2), (a 2 |ai)) 
d 7 l = ((e|b), (o 2 |a 2 )) 
d 7 5 = ((e|b), (a 3 |e)) 
d 79 = ((<3116 1 ), (£> 1 1<3 2 )) 
d 83 = ((b|b _1 ), (<32 |<32)) 
dg7 = ((£* —1 l<3i), (a 2 |b -1 )) 
dgi = ((<32|<3i), (b _1 |a 2 )) 
d95 = ((<32|<3i), (a 2 |b -1 )) 
dgg = ((ai|a 2 ), (b” 1 |a 2 )) 
dl03 = ((<321<32) 5 {b\b)) 
d 107 = ((<321 <32 ) 1 (b|b -1 )) 
dill = ((ai|b _1 ), (ai|a 2 )) 
dm = ((£>” 1 |<3l), (<32 |<32)) 


d 4 = ((e|b), (e|e)) 
dg = ((e|e),(b|e)) 
di 2 = ((b|b),(e|&)) 
die = ((b|b), (&|&)) 
d 20 = ((&|e), (e| 6 — x )) 
d 2 4 = ((e|b), (b” 1 ^)) 
dig = ((e| 6 ), (& - 1 |b -1 )) 
d 3 2 = ((&| 6 ), (b- 1 lb" 1 )) 
d 3 6 = (( 6 | 6 ), (b —1 |b)) 
d 40 = ((bib -1 ), (b 1 |b)) 
d 44 = ((e|e), (oilai)) 
d48 = ((e|e), (oi|e)) 
d 52 = ((ai|e),(e|e)) 
d56 = ((ai|e),(e|ai)) 
d 60 = ((e|ai), (a 3 |e)) 
d 6 4 = ((ai|ai), (e|a 2 )) 
d 68 = ((«l|a-2), (oi|a2)) 
d 7 2 = ((b|b), (a 2 |a 2 )) 
d 7 G = ((b]b), (a 3 |e)) 
d80 = ((<32|b), (b|a 2 )) 
d84 = ((<3 3 |e), (b|e)) 
dgg = ((b|o 2 ), (a 2 |b)) 
d 92 = ((Q. 2 IQ. 2 ), (e|b)) 
d 96 = ((a-i|b), (a 2 |b -1 )) 
dioo = ((b|<3 2 ), (b —1 |a 2 )) 
di04 = ((b|a 2 ), (<321b)) 
d 108 = ((< 32 1b) 1 ), (ai|a 2 )) 

dll2 = ((<32 | 1 ), (<31 |<3 2 )) 

due = ((b|<32), (<32 la. 2 )) 


Table 2: The set /j 2 1 (c e ), in terms of representatives of the 4-conjugacy classes 
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fi = ((a 3 \b 1 ), (e|e)) 
h = ((o30 -1 )> (a 3 |e)) 

/9 = ((a 3 |6- 1 ),(6- 1 |6- 1 )) 

/l3 = (O 3 | e ).( a 30 -1 )) 
fir = (0l a 3), O 3 O -1 )) 
hi = (0l e ),0 -1 |°3)) 
f26={(b- 1 \b- 1 ),(b~ 1 \a 3 )) 

/29 = ((ffl3|6 -1 ), (<I3|a3)) 
/33 = ((02|a 3 ), 0 -1 0)) 

/37 = (O 1 O 3 ), (a 3 |e)) 

/41 = ((oi|a 3 ), 0 -1 0 -1 )) 
/45 = ((a 2 |e),(a 3 |fc- 1 )) 

/ 4 g = (01 b- 1 ), (a 3 |b — !)) 

/53 = (O 2 0 -1 )> (e|a 3 )) 

/57 = (00). 0 -1 0s)) 

/6l = ((a- 2 1&” 1 ), (a 3 |a 3 )) 
/65 = (0 3 |°i)> (a 3 |e)) 

/69 = (00l). (a 3 |fc -1 )) 

frs = (0 -1 0)> («31& —1 )) 
hr = ((e|ai), 0 -1 0s)) 
hi = (0 3 |a 2 ), (6 —1 |a 3 )) 
/85 = (0 -1 |“l), (a3|a3)) 
/89 = ((oi|ai), (a 3 |fe -1 )) 
/93 = (OO 2 ), (a 3 |fc -1 )) 
hr = (O 2 O 1 ), (6 —1 |a 3 )) 
/lOl = (00). 0 _1 | a 3)) 

/105 = ((e|e), (oi|a 3 )) 

/109 = (0 _1 0 _1 ), (oi|a 3 )) 
/113 = (0 -1 0). (a 2 |a 3 )) 
/117 = (Oi| Q 3), OO -1 )) 
/121 = ((a 2 |e), (ai|a 3 )) 

/125 = (O 2 O -1 ), (a 2 |o 3 )) 
/129 = ((fc> —1 |a_i), (a,i la. 3 )) 

/l33 = (O 1 O 1 ). O 1 O 3 )) 


/2 = (0 Mas), 00)) 

/e = (0 _1 |“3), (<3-3|e)) 

/io = (0- 1 |a 3 ),0- 1 0- 1 )) 
/l4 = (00 _1 )> ( a 30 -1 )) 
/l8 = (O 3 O 3 ), ( a 30 _1 )) 

hi = (0 -1 0)> 0 -1 l“3)) 

fiG = ((e|a 3 ), (fe _1 |a 3 )) 
ho = ((fe _1 |a 3 ), (a 3 |a 3 )) 
/34 = (0l a 3), 0 -1 0)) 

hs = ((ai|a 3 ), OO -1 )) 

/42 = (O 2 O 3 ), (6 -1 0 -1 )) 
/46 = (0l e ).(“3 0 -1 )) 
ho = ((<321< 33 )5 (< 33 11> 1 )) 

/54 = ((ai|a 3 ), (e|a 3 )) 

hs = (00 -1 ),0 -1 0s)) 
f &2 = (O 1 O 3 ), (>331<33)) 

ho = ((£• 1 1 < 32 ), (<33 |e)) 

fro = (O 3 O 1 ), (a 3 |fe -1 )) 
/74 = (0 -1 |«i). (e|ct 3 )) 
frs = (0 _1 l“i). (fc> _1 |a. 3 )) 
/82 = (00)>0 -1 |“3)) 

/86 = ((<13 00, (< 33 la. 3 )) 
f90 = (000. ( a 30 _1 )) 

/94 = (00). (“30 -1 )) 
hs = (O 2 O 2 ), 0 —1 03 )) 

/102 = ((<32|<3i), (a 3 |a 3 )) 

/l 06 = (0 _1 |e)> O 1 O 3 )) 

/110 = ((e|o 3 ),(oi|o 3 )) 

/114 = (OO -1 ), O 2 O 3 )) 
fus = (O 2 O 3 ), OO -1 )) 
fm = (OO -1 ). O 1 O 3 )) 
/l 26 = (OO -1 ). O 2 O 3 )) 
fiso = ((e|o 2 ), (ai|a 3 )) 

/134 = ((a 2 |ai), (ai|a 3 )) 


h = ((<3 3 0 -1 ). ( &-1 |e)) 
fr = (( 03 O -1 ). ( e 0 -1 )) 

hi = ((e|e), (<3 3 1£> 1 )) 

/is = (O -1 0 -1 ), (<3 3 0 -1 )) 

/19 = ((03 0 — 1 ),(e|“3)) 

Sis = ((o 3 |e), 0 - 1 |« 3 )) 
hr = ((fe - 1 |a 3 ), (6 - 1 |a3)) 
fsi = ((ai|o 3 ), (e|e)) 
hs = (OlO -1 ). O 3 O)) 
hs = (O 2 O 3 ), (eO -1 )) 

/43 = (003), 0 -1 0 -1 )) 
Ur = ((<n O -1 ), ( 03 O -1 )) 
hi = (OO 3 ), (a 3 0 -1 )) 
hs = (OlO), 0 -1 l“3)) 
fs9 = (O 1 O 3 ), 0 -1 |“3)) 
fes = ((a 3 0),0 -1 l e )) 
hr = ((a 3 0),(e0 -1 )) 
fn = ((e|o 2 ), (a 3 0 -1 )) 
frs = (O 3 O 1 ). (e|o 3 )) 
frs = (01 a 2 ), 0 —1 03 )) 

/83 = (0 -1 0). (b —1 1<3 3 )) 
hr = (0 -1 0 2 ), (o 3 |o 3 )) 
/91 = ((ai|o 2 ), OsO -1 )) 
hs = (O 2 O 1 ). OO 3 )) 
hs = (OlO). 0 -1 l“3)) 

/l03 = (OsO -1 ), ( b 0 -1 )) 
fior = (( 0 . 3 |e), (ai|a 3 )) 
fill = (0 _1 03 ), O 1 O 3 )) 
/115 = (0 -1 0 -1 ). O 2 O 3 )) 
/119 = (OO 3 ), OO -1 )) 

fl2S = (Ol|o 3 ), (oi|o 3 )) 

fur = (O 3 O). OO -1 )) 

/l31 = (0 —1 O 2 ), ( a l 03)) 

/l35 = (( 02 O 2 ), (ai|a 3 )) 


U = (( fe-1 |“3),0 -1 0)) 

h = (0 -1 I«3),00 -1 )) 
hi = (0 -1 0). (03 O -1 )) 
fio = (OsO -1 ). OsO -1 )) 

ho = (0 -1 l a 3),0l a 3)) 
/24 = (OO -1 ). 0 -1 |°3)) 
fl8 = (( 03 I 03 ), 0 -1 | Q 3)) 
fsi = (0l|°3),0 -1 | e )) 
he = (O2 0 -1 ).(“3|e)) 
/40 = (OO 3 ), OO -1 )) 

/ 4 4 = (OlO), (03 O -1 )) 
/48 = ((O2 0 -1 ). (°3 0 -1 )) 
hi = (O 1 O -1 ). 0I“3)) 
he = (O 2 O), 0 _1 03 )) 
ho = (O 1 O -1 ). O 3 O 3 )) 
/64 = (0 -1 |«i). (03 |e)) 
hs = (( 03 O). 0 -1 0 -1 )) 
fn = (00). (03 O -1 )) 
he = (0 -1 00, 0I“3)) 
fso = (0 —1 02 ), (t> —1 |a 3 )) 
fsi = ((03 0). 0“ 1 1 < 33 )) 
hs = (O 2 O 1 ), O 3 O)) 
fsi = (O 2 O 2 ), ( 03 O -1 )) 
he = ((oi|°i). 0 -1 03)) 
flOO = (O 2 O). 0 -1 |“3)) 
/104 = ((£> —1 1<3 3 ), OO -1 )) 
/108 = (OO -1 ). O 1 O 3 )) 

/112 = ((o 3 |° 3 ), ( a l0 3 )) 
/116 = ((a 3 0 -1 ), (a- 2 1<33)) 
/120 = (Oil e )> Oi O 3 )) 
/124 = (OlO -1 ). O 2 O 3 )) 
fl 18 = (OOl). O 1 O 3 )) 

fl31 = ((03|02), (oi|° 3 )) 


Table 3: The set /i 2 ^q,), in terms of representatives 


46 



normal subgroups. It is not perfect, but the derived subgroup has index 2. The stabilizer 
of any given point in X fM has order 253 613 523 861504. The Torclli group X 2 acts non- 
trivially on X 60 ; the action of the element T c from (3.25) is indicated in the following 
figure: 



Next consider the set /i^Q,). None of the results of Section 3 is applicable, so we 
cannot draw any immediate conclusions regarding the existence of invariant subsets. A 
GAP calculation shows that X 135 is a single Map 2 -orbit, and the quotient of Map 2 acting 
effectively on X 135 has order 102 662 358 058 319 877 641 002 337100 103 680. This group 
is centerless and non-simple, with derived subgroup of index 2. The Torelli group T4 
acts non-trivially on X 1 35 . 

The above data are summarized in the following two tables: The Map 2 -orbits in 
/r7 1 ( c e) C Cg have the characteristics 
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Name 

Representative 

Length 

Map 2 -quotient 

Stabilizer 

Sympl. 

- 

((e|e),(e|e)) 

1 

W 

- 

yes 

x 15 

((ai|e), (e e)) 

15 

s e 

Z/2Z x R 4 

yes 

* 40 

((fc|e),(e|e)) 

40 

0(5,3) 

648 

yes 

x m 

((ai|e),(a 2 |e)) 

60 

15 216 811431690 240 

253 613 523 861504 

no 

while for the Map 2 -orbits : 

in /i 2 1 ( Cb ) C Cg we have 



Name 

Representative Length 

Map 2 -quotient 


*135 

((a 3 |6),(e|e)) 

135 

102 662 358 058 319 877 641 002 337 100 103 680 





Stabilizer 

Sympl. 




760 461 911 543 110 204 748 165 460 000 768 

no 

These tables list the following data for each orbit: a representative 4-tuple of one 


4-conjugacy class generating the orbit; the length of the orbit; information about the 
quotient of Map 2 acting effectively on the orbit, either in the form of the name of a 
finite group isomorphic to the quotient or as the order of the quotient; and information 
about the stabilizer of one of the elements of the orbit, either as the name of a group 
isomorphic to the stabilizer or as the order of the stabilizer. The final datum indicates 
whether the Map 2 -action on the orbit factors through the symplectic group (yes) or not 
(no) or, equivalently, whether the Torelli group X 2 acts trivially (yes) or not (no). 

Map 3 -orbits: We have |C|J =8051, |/ij 1 (c e )| =2948 and |/^ 3 1 (q,)| =5103. Let us first 
examine the case /i^’ 1 (c e ). The 6 -conjugacy classes represented by elements of the form 
((a^la^ 1 ), (cq 2 1 cq 2 ), (oq 2 |cq 2 )) make up the two Map 3 -orbits on (Z/2Z) 6 , one fixed point 
and one orbit of length 63. Replacing cq by b we get instead the non-trivial orbit on 
(Z/3Z) 6 /p 2 3 , which is of length 364. The remaining 6 -conjugacy classes in p 3 1 (c e ) form 
a single orbit of length 2520; calculating the action on this orbit of the element (3.20) 
shows that the Torelli group X 3 acts non-trivially. Some features of these Map 3 -orbits 
are summarized in the following table: 


Representative 

Length 

Map 3 -quotient 

Stabilizer 

Sympl. 

((e|e),(e|e),(e|e)) 

1 

{e} 

~ 

yes 

((ai|e), (e e), (e|e)) 

63 

1451520 

23 040 

yes 

((5|e),(e|e),(e|e)) 

364 

4 585 351680 

12 597120 

yes 

(e|e), (ai e), (e|a 3 )) 

2 520 

~ 10 284 

~ 10 281 

no 


The set p 3 1 (cb) consists of a single Map 3 -orbit of length 5 103, on which the Torelli group 
acts non-trivially: 

Representative Length Map 3 -quotient Stabilizer Sympl. 
((a 3 |ai),(e|e),(e|e)) 5103 ~ 10 420 ~ 10 417 no 
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4.4.2. D 4 

We refer to Section 4.2 for notation; recall that C' D ={c. e ,c x 2 } and that x 2 is central. 

Map 2 -orbits: We have |Cp \ = 1 216, distributed over /i 2 4 (c e ) of order 736 and /x 2 1 (c. E 2 ) 
of order 480. Since x 2 is central in D 4 , it follows from Theorem 3.8 (ii) that the Torelli 
group T 2 acts trivially on C% . The set /i ^ 1 (c e ) consists of 11 Map 2 -orbits. The 4-conju- 
gacy classes represented by elements of the form ((x fel l^ 1 ), ( x k 2 \x l2 )) describe the three 
symplectic orbits, of lengths 1 , 15 and 120 , of the quotient (Z/4Z) 4 /p 32 . The diconju- 
gacy classes of the form {(y kl \y l1 ), {y k2 \y l2 )) constitute the non-trivial symplectic orbit 
in (Z/2Z) 4 , which is of length 15; there is an isomorphic symplectic orbit consisting of 
diconjugacy classes of the form (((xy) kl \(xy) 11 ), ((xy) k2 \(xy) 12 )). There are two orbits 
of length 45, generated from the 4-conjugacy classes represented by ((y\e), ( x 2 \e )), re¬ 
spectively ((x 3 y |e),(x|e)). The 4-conjugacy classes represented by ((?/|a; 2 ), (e|e)) and 
((x 3 y\x 2 ), (e|e)), respectively, generate two orbits of length 60. Finally there are two 
orbits of length 180 generated from the 4-conjugacy classes represented by ((y|e), (x|e)) 
and by ((?/|x 2 ), (x|e)), respectively. Some properties of the Map 2 -orbits are repeated in 
the following table: 


Representative 

Length 

Map 2 -quotient 

Stabilizer 

Sympl. 

((e|e),(e|e)) 

1 

M 

- 

yes 

(( 2 /|e), (e|e)) 

15 


Z/2Z x (S 4 

yes 

((x 2 |e),(e|e)) 

15 


Z/2Z x S 4 

yes 

{(xy\e), (e|e)) 

15 


Z/2Z x £4 

yes 

((x|e),(e|e)) 

120 

368 640 

3 072 

yes 

((?/ e ), ( a;2 | e )) 

45 

*5*6 

Z/2Z x D 4 

yes 

((x 3 y\e), (i e)) 

45 

5 6 

TLI27L x D 4 

yes 

((?/|x 2 ),(e|e)) 

60 

S 6 

D g 

yes 

((x 3 y\x 2 ), (e e)) 

60 

5 6 

d 6 

yes 

((j/|e),(x|e)) 

180 

368 640 

2 048 

yes 

({y\x 2 ), (x|e)) 

180 

368 640 

2 048 

yes 


The set /i 2 1 (c x 2 ) consists of a single Map 2 -orbit. The quotient of Map 2 that acts effec¬ 
tively on this orbit has order 11 796 480, and the stabilizer on any element of the orbit 
has order 24 576: 

Representative Length Map 2 -quotient Stabilizer Symplectic 
((y|x),(e|e)) 480 11796 480 24 576 yes 


Map 3 -orbits: We have |Cd 4 | = 68 608, |/rj 1 (c e )| = 36352 and |/i 3 1 (c x 2 )| = 32256. The 
set //J 1 (c e ) consists of 11 Map 3 -orbits. The 6 -conjugacy classes represented by tu¬ 
ples of the form ((x kl \x l1 ), (x k 2 \x l2 ), (x k 3 \x l3 )) split into three orbits: the trivial fixed 
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point, an orbit of length 63 equivalent to the non-trivial orbit on (Z/2Z) 6 , and an or¬ 
bit of length 2016 generated from ((x|e), (e|e), (e|e)). The two orbits generated from 
((?/ 1 e), (e|e), (e|e)) and ((xy |e), (e|e), (e|e)) are equivalent to the non-trivial orbit of 
(Z/2Z) 6 , too, and are thus both of length 63. There are in addition two orbits of 
length 945, two orbits of length 1 008, and two orbits of length 15 120. In all cases but 
three, the quotient acting effectively on the orbit is isomorphic to 0(7,2), and in the 
remaining cases the group is perfect but not simple. The element (3.20) of the Torelli 
group acts non-trivially on the two longest orbits, and trivially on all others. Some of 
these data are collected in the following table: 


Representative 

Length 

Map 3 -quotient 

Stabilizer 

Sympl. 

((e|e),(e|e),(e|e)) 

1 

M 

- 

yes 

((x 2 |e), (e e), (e|e)) 

63 

0(7,2) 

23 040 

yes 

((r/|e),(e|e),(e|e)) 

63 

0(7,2) 

23 040 

yes 

(Me), (e|e), (e|e)) 

63 

0(7,2) 

23 040 

yes 

( 0 |e), (e e), (e|e)) 

2 016 

1522 029 035 520 

754 974 720 

yes 

((?/ e ), (^ 2 |e), (e|e)) 

945 

0(7,2) 

1536 

yes 

({xy\e), (x 2 |e), (e|e)) 

945 

0(7,2) 

1536 

yes 

((y\x 2 ), (e e), (e|e)) 

1008 

0(7,2) 

1440 

yes 

{{xy\x 2 ), (e e), (e|e)) 

1008 

0(7,2) 

1440 

yes 

(( 2 /|e),(a:|e),(e|e)) 

15120 

49 873 847435 919 360 

3 298 534 883 328 

no 

(( y\x 2 ), {x\e), (e|e)) 

15120 

49 873 847435 919 360 

3 298 534 883 328 

no 


The set ii^ l (c x 2 ) is a single Map 3 -orbit of length 32 256. The quotient acting effectively 
on ^(c^) has order 3 191 926 235 898 839 040; it is a non-simple but perfect group with 
trivial center. The stabilizer of any element in this orbit has order 98 956 046 499 840; it 
is a non-perfect group with center (Z/2Z ) x5 and with a derived subgroup of index 16. 
The Torelli group ‘X 3 acts non-trivially on / uj 1 (c a , 2 ). This information is repeated in the 
following table: 

Representative Length Map 3 -quotient Stabilizer Sympl. 

((r/|x),(e|e),(e|e)) 32 256 3191926 235 898 839 040 98 956 046 499 840 no 

4.4.3. Q 8 

For pertinent notation see section 4.3; recall that Og g = {c e ,c y 2 } and that y 2 is central. 

Map 2 -orbits: We have Im(/x 2 ) = Cq s , and |OqJ = 1 216, which is distributed over Cq 8 
as |/x^ 1 (c e )| =736 and |/i 2 1 ( c y 2 )\ =480. Again it follows from Theorem 3.8(h) that the 
Torelli group X 2 acts trivially on Cq & . 

The set /^(cy) consists of 6 Map 2 -orbits. The 4-conjugacy classes represented by 
elements of the form ((x kl \x l1 ), (x k2 \x l2 )') split into the three orbits of lengths 1, 15, 
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and 120 corresponding to the quotient (Z/4Z) 4 /p 3j 2. Moreover, the 4-conjugacy classes 
represented by elements (( y kl \y l1 ), ( y k2 \y l 2 )) with gcd(/c], R, k 2 , l 2 , 4) = 1 describe another 
orbit of length 120 inside (Z/4Z) 4 /p 3i2 , and yet another orbit of the same type obtained 
from the latter by replacing y with xy in the representatives. Finally there is an orbit of 
length 360, generated from the 4-conjugacy class represented by ((x|e), (y |e)). By this 
description it follows that the three orbits of length 120 are isomorphic. 

Some properties of the Map 2 -orbits in y 2 l (c e ) C Cq 8 and in y 2 1 (c y 2 ) C Cq 8 , respec¬ 
tively, are summarized in the next two tables: 


Representative 

Length 

Map 2 -quotient 

Stabilizer 

Sympl. 

((e|e),(e|e)) 

1 

{e} 

- 

yes 

((p 2 |e),(e|e)) 

15 


Z/2Z x S 4 

yes 

(0|e),(e|e)) 

120 

368 640 

3 072 

yes 

((2/|e), (e|e)) 

120 

368 640 

3 072 

yes 

(Op|e), (e e)) 

120 

368 640 

3 072 

yes 

((x|e),(y|e)) 

360 

11520 

5 760 

yes 

Representative 

Length 

Map 2 -quotient 

Stabilizer 

Sympl. 

(Ob),(e|e)) 

480 

11796 480 

24 576 

yes 


Remark 4.3. A result of [ERW] states that if G is a p-group, then the images of the 
quantum representations of Map 0 n obtained from T>G are p-groups as well. Now note 
that Qs is a 2-group. In contrast, the quotients of Map 2 acting effectively on the orbits 
of lengths 360 and 480, respectively are not 2-groups. In fact, as verified by computer, 
they aren’t p-groups for any p. Thus the result of [ERW] does not generalize to higher 
genus. 

Map 3 -orbits: Similarly to the case of ZR we have |CqJ = 68 608, |/ij 1 (c e ) | = 36 352 and 
^(cy) | =32 256. 

The set pj 1 (c e ) is distributed over 6 Map 3 -orbits. The 6-conjugacy classes repre¬ 
sented by tuples of the form ((x fcl |oR), (x k2 \x l2 ), (x k3 \x l3 )) make up the three orbits 
of the quotient (Z/4Z) 6 /p 3 3 ; the trivial fixed point, an orbit of length 63 generated 
from ((R 2 |e), (e|e), (e|e)), and an orbit of length 2016 generated from ((a?|e), (e|e), (e|e)). 
Moreover, the two tuples ((p|e), (e|e), (e|e)) and ((xy\e), (e|e), (e|e)) both generate or¬ 
bits of length 2 016 isomorphic to the first one. Finally the 6-conjugacy class represented 
by ((x|e), (p|e), (e|e)) generates an orbit of length 30 240. The quotients of Map 3 acting 
effectively on the non-trivial orbits are perfect, and in the case of the length-63 orbit 
even simple; for the length-30 240 orbit the group is not a p-group for any p. The Torelli 
group X 3 acts non-trivially on the orbit of length 30 240. Here is a summary of these 
data: 
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Representative 

Length 

Map 3 -quotient 

Stabilizer 

Sympl. 

((e|e),(e|e),(e|e)) 

1 


- 

yes 

((l/ 2 |e),(e|e),(e|e)) 

63 

0(7,2) 

23 040 

yes 

((x|e), (e e), (e|e)) 

2 016 

1522 029 035 520 

754 974 720 

yes 

((2/ |e),(e|e),(e|e)) 

2 016 

1522 029 035 520 

754 974 720 

yes 

((a? 2 /|e), (e e), (e|e)) 

2016 

1522 029 035 520 

754 974 720 

yes 

((^ e ), (?/ e ), ( e e )) 

30 240 

49 873 847435 919 360 

1649 267441664 

no 


The set / uj 1 (c y 2 ) consists of a single Map 3 -orbit of length 32 256. The quotient of 
Map 3 acting effectively is perfect with trivial center, but not simple. Its order is 
3191926 235 898 839 040. The stabilizer of any point has order 98 956 046 499 840, is 
not perfect, has center (Z/2Z ) x5 and a derived subgroup of index 16. The Torclli group 
X 3 acts non-trivially on /i 3 1 (c J/ 2 ). To summarize: 

Representative Length Map 3 -quotient Stabilizer Sympl. 

((x\y), (e|e), (e|e)) 32 256 3191926 235 898 839 040 98 956 046 499 840 no 

4.5. A 5 

Since A 5 is non-abelian and simple, in particular Z(A 5 ) — (e) and A' 5 = A 5 . We have 
IA 5 1 =60, ua 5 =30, and there are five conjugacy classes c e = {ej and c a , c&, c c , Cd con¬ 
taining, respectively, the group elements 

a := (1 2)(34), 6 := (123), c := (12345), d := (12354). (4.47) 

Every element of A& is a commutator, so C' A = Ca 5 ■ The chosen representatives of the 
conjugacy classes have centralizers as follows: 

z { 12 )( 34 ) = ((1 2)(3 4), (1 3)(2 4)) = Z/2Z x Z/2Z , 

Z(i2 3) — ((1 2 3)) = Z/3Z , 

Z(\ 2345 ) = ((12345)) = Z/5Z, 

Z( 12354) = ((12354)) = Z/5Z. 

The formulas (B.3) and (B.10) result in | C\ 5 \ = 77 and \fj7[ 1 (c e )\ =22. 

4.5.1. Map x -orbits 

The set /i 7 1 (c e ) consists of five Map x -orbits. The pre-images partition C\ & according to 

= { (e|e), (c|e), (c 2 |e), (e|c), (e|c 2 ), (c|c), (c|c 2 ), 

(c|c 3 ), (c|c 4 ), (c 2 |c 2 ), (c 2 |c 4 ), (c 2 |c 3 ), (c 2 |c), (4.49) 

(6|e), (e| b), ( b\b ), (b\b 2 ) : (a|e), (e|a), (a|a), (a|a b ), (a| b a) } 
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Here the first two rows constitute the quotient (Z/5Z) 2 /p4, as shown in (4.15). The four 
diconjugacy classes represented by {b |e), (e| b), (b\b) and (b\b 2 ) make up the non-trivial 
orbit of the quotient (Z/3Z) 2 /p 2 , illustrated in (4.9), while the classes represented by 
(a|e), (e|a) and (a\a) form the non-trivial orbit of (Z/2Z) 2 , depicted in (4.4). Finally 
the classes represented by (a|a 6 ) and (a| fe a) form a length-2 orbit for which both S and 
T act as the elementary transposition. 

The set Pi l (c a ) is given by 


hi l (c a ) = { ( b 2 \a ), (b 2 \b a ), (b 2 \b c ), ( b\a ), (b 2 \ac), (b 2 \b d ), (a|5 2 ), (a\b) } 
and consists of a single orbit, illustrated as follows. 

/'i ; O'-/): 


(4.50) 


(b 2 \b a ) 


(a|fe) 


(b 2 \b d ) 


-V 

(b 2 \a) 


(6|a) 

K 


(4.51) 


(b 2 m £ 


(alb 2 ) 


* " ~ - ( b 2 \ac ) 


The set /i, 1 (c b ) is given by 

= { 0Kb OKK 01 b), (&|fe (c2) ), (6|c), (b 2 \d), (b\(b 2 )^), ( b\d ), 

(5 2 |c), (a|c 2 ), (a|c rf ), (c|6), (c|6 2 ), (c|(K), (c\d), (c 4 |d), (4.52) 

OIK (d|6), 0|a (ft2) ), 0|c), 0|c 4 ) } 

It is preserved by the non-trivial outer automorphism ip of A^. The diconjugacy classes 
(6|a c ), (a c \b) and (a|d c 1 are fixed points under tp, while the rest of the diconjugacy 
classes form orbits of length two under the action of <p. Proposition 3.4 implies that 
/K0&) splits into two Map 1 -orbits. One orbit consists of the diconjugacy classes labeled 
by (5|a c ), (a|a^ 2 ^) and (a c \b): 


(6|a c ) < > (a c |6) *- > (a|a( c b) 


(4.53) 
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The remaining 18 diconjugacy classes form another Map 1 -orbit: 


(b|(6 2 ) (c2) ) 


j k' 
(d\b 2 ) 


(cZ|c 4 ) 


(d\b) 


(d|c) 


(d\A b >) <■■ 


Next consider /i 1 1 (c c ): 


l 

S' 

■■> (bid) 


(a\c 2 ) 


(b 2 \d) 


(b 2 \c) 


<- -■:-> 


(a\c d ) 


(■ b\c) 


( 6 |& (c2 >) 


(c\d) 


(c|6) 


> (c|a( 6 >) 
\ 


r s 


(c\b 2 ) 


(c 4 | d) 


(4.54) 


Vi 1 { c c) = { (a|d), (d\a), (a\ad), ( b\bd 2 ), (&|gT 2 ), (6|d 3 ), (a|c), 

(a|6c6), (c|a), (c|[c, 6]), (c\[b,c]), (c|d 2 ), (c|d 3 ), } 

The subgroup of A$ generated by a and d is proper; it is isomorphic to D 5 . It follows from 
Proposition 3.2 (ii) that the diconjugacy classes (a\d), ( d\a ) and (a\ad) form an invariant 
subset. In fact, there are exactly two orbits. The diconjugacy classes represented by 
(a\d), ( d\a ), and (a\ad) form a lcngth-3 orbit: 


( d\o ) <.> ( a\d ) + 


> ( a\ad ) 


(4.56) 
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The remaining 10 diconjugacy classes constitute the orbit shown in the following figure. 

( fc M 3 ) .1 (<=|[£>, c]) 

/ \ /' (cM 3 ) 

/ ' ? fr 

, \ v- \ 

! {b\bd?) < ■>■ ( a\bcb ) <--> (a|c) < > (c|a) 1 

\ / V, / 

'-V \ (cM 2 ) 

(&M 2 ) <. 

Finally, the set /ib 1 (Q), given by 

= { {a\ad 2 ), (a\d 2 ), (d 2 \a), ( b\bc 2 ), (6|c 3 ), (6|c 2 ), (a|c6), 

(a|6 2 c), (6c 3 1a), (c 3 |6), (c 2 |6), (d|c 2 ), (d|c 3 ) } , 

is isomorphic to /ij“ 1 (c c ) as a Map 1 -set. This follows from Proposition 3.4, since the non¬ 
trivial outer automorphism of A 5 induces a bijection between /i^ 1 (c c ) and ^^(q). 

4.5.2. Map 2 -orbits 

The number of 4-conjugacy classes is \C\ \ = 216 341, and these are distributed according 
to |//2 1 ( Ce )|=5110, \^\c a )\ =50432, \^\c b )\ = 72549, |^ 1 (c c )| = \^\c d )\-44 125. 

The set / u^ 1 (c e ) consists of 12 orbits. The non-trivial symplectic orbits have lengths 
15 (emanating from ((a|e), (e|e))), 40 (generated from ((6|e), (e|e))) and 312 (emanating 
from ((c|e), (e|e))), respectively; these are (the non-fixed points) of the type (Z/2Z) 4 , 
(Z/3Z) 4 /p 2 ,2 and (Z/5Z) 4 /p 4 2 . In addition there are orbits of lengths 30, 40, 60, 160, 
180, 240, 1152 and 2 880. The Torclli group X 2 acts non-trivially on all orbits of length 
larger than 40, except for the orbit of length 312. Some properties of these orbits are 
given in the following table. 


Representative 

Length 

Map 2 -quotient 

Stabilizer 

Syrnpl. 

((e|e),(e|e)) 

1 

M 

- 

yes 

((a|e),(e|e)) 

15 

5 6 

Z/2Z x S 4 

yes 

((6|e),(e|e)) 

40 

0(5,3) 

648 

yes 

((c|e),(e|e)) 

312 

0(5,5) 

15 000 

yes 

((a e), ( dca\e )) 

30 

5*6 

Z/2Z x A 4 

yes 

((a Idea), (e e)) 

40 

S 6 

r L/2> r L x S 3 

yes 

((a e), (d 4 a e)) 

60 

15 216 811431690 240 

— 

no 

((6 6ac), (6, bac )) 

160 

3 397386 240 

— 

no 

((a|e), (h e)) 

180 

338 533 188 894 720 000 000 000 000 000 

— 

no 

((6 e), (bac\e)) 

240 

41 304 285 341123 293 285 177 098 240 

— 

no 

((6 \cb 2 a), ( cda\c 2 a )) 

1152 

— 

— 

no 

((6|e),(c-|e)) 

2 880 

— 

— 

no 


(4.57) 


(4.58) 
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The set /U^' 1 (c a ) consists of two orbits, of length 1280 and 49152, respectively, while 
^ 2 l {c b ) consists of three orbits of respective length 135, 44 712 and 27 702. None of these 
orbits is symplectic. Some of their properties are summarized in the following table. 


Representative 

Length 

Map 2 -quotient 

Sympl. 

((e|e),(% d )) 

1280 

~ 10 78 

no 

((e|6),( c 6| c2 a)) 

49152 

- 

no 

((e|e),(6|a c )) 

135 

102 662 358 058 319 877 641002 337100 103 680 

no 

((e|e),(5|5 c3 )) 

44 712 

- 

no 

((e|6), (a d \a c )) 

27 702 

- 

no 


Note that also in the case of S 3 there is a Map 2 -orbit of length 135, and the quotient 
of Map 2 acting effectively on that orbit has the same order as the one acting effectively 
on the length-135orbit here, ft is natural to suspect that these two Map 2 -orbits are 
isomorphic. 

Finally, owing to Proposition 3.4 the sets //J X ( c c) and ^^(cd) are isomorphic as Map 2 - 
sets, so we only list properties of the former. There are three orbits, on each of which 
the Torclli group acts non-trivially. The following table lists some of their properties. 

Representative Length Map 2 -quotient Sympl. 

(( 6 |d 3 ), (e|e)) 25 000 

((a|d), (e|e)) 375 

((a|d),((d 3 ) 6 |e)) 18 750 
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no 

no 

no 
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A. The Drinfeld double of a finite group 

In this appendix we briefly review the (untwisted) Drinfeld double DG of a finite group 
G, together with some aspects of its representation theory that are used in this paper. 
The structure of DG as a quasitriangular Hopf algebra as well as further information 
about its representation theory can be found in [DiPR, Wi, Ma, Do, DIL], 


A.l. The double T>G of a finite group G 

Given a finite group G, its double DG is a Hopf algebra in Vec/(k). It has a basis 
i b a\x}a, X& G in which the structure morphisms take the following form: 


multiplication m : 

bg\x ® ^h\y 1 ^ bg\x &h\y • &g x ,h &g\xy 

unit rj : 

1 ^ y. b a\e , 


g&G 

comultiplication A : 

b g\x 1 t ^ ^ bh\ x ® bh~ig\ x , 


h&G 

counit e : 

bg\x 1 ^ 3g,e •> 

antipode S : 

bg\x 1 ^ ^(g— 1 ) 30 |aj—i • 


DG is even a factorizablc ribbon Hopf algebra, with R-matrix 


R = y h g \ e ®b h \ g (A.2) 

9,/iGG 

and ribbon element 

u = '52 b 9\g- 1 ’ ( A - 3 ) 

gee 

and thus with monodromy matrix 

Q = ^2 b h \ 9 ®b g \ hg (A.4) 

g,h£G 


and Drinfeld element 

u = ^bg\ g -i=u. (A.5) 

g£G 

Because of (A.5), the special group-like element is trivial, u~ 1 is = rj. 

Factorizability means that the Drinfeld map /q : DG* —y DG furnished by the mon¬ 
odromy matrix is invertible. Denoting the basis of DG* dual to {b g \ x } by {Pg^g^G, 
we have explicitly 


f ‘q • @g\x 1 t b x \gx and /q • b g\x 1 t @g x \g. 


(A.6) 
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T>G has a two-sided integral A e T)G and a two-sided cointegral A e T>G* given by 


A: 1 Y^ b e \ g and X = Y/ 3 g\e- (A.7) 

geG geG 

We denote the group of group-like elements by Q(DG) and the space of central forms 
by C(T>G), i.e. 


C(DG) := {, 0eT>G*\/3(bb') = /3(b'b ) V6,6 'eDG}. (A.8) 

Proposition A.l. 

(i) The center Z(T>G ) consists of the elements ^2 gxeG a(g,x)b g \ x , for all functions 
a: GxG-^k satisfying 

a(g,x) = 0 for [g,x\^e and a(g z , x z ) = a(g , x) for all g,x,z^G. (A.9) 

(ii) The space C(T>G ) of central forms consists of the elements ^2 g X a (g,x) Pg\x f or a M 
functions a\ G x G k satisfying (A.9). 

(iii) The group of group-like elements in T>G is given by 

Q{DG) = { Y Z{g) bg\x\xeG, £eHi(G,k x ) } , (A. 10 ) 

g&G 

and satisfies Q(T>G) = G x HfiG, k x ). 

Proof. We write 

b = Y a (9, x ) b g\x, P = Y a (9T x )/3g\x and r = Y 70 » x ) b g\x (A.ll) 

g,x^G g,x£G g,xeG 

with arbitrary functions a, a and 7 from G x G to Ik. We then have 

^ bh\y ^ ^ 1 &g x ,h bg\xy ^ ^ h) ^ X h\xy ^ ^ ? %y ) ^ X {hv)\x and 

g,x£G xsG xGG 

bh\y b ^ ^ ^(.9 1 X) bh,y,g bh\yx ^ ^ Cl(h y , x) bh\y X ^ a(h y , y X ) . (A. 12) 

g,x£G x£G x£G 

For &eZ(DG) we thus need a( x (li y ), xy -1 ) = 0 = a(h y , y _1 x), unless x {h y ) — h, which is 
equivalent to x = zy for some z G Z h . This must hold for arbitrary triples h,x,y EG, so 
it is equivalent to requiring a(h z , z) — 0 unless z G Zh, i.e. to a(g, x) — 0 unless [g, x] = e. 
The remaining constraint is 

a(h y , (x?/ -1 )^) = a(h y ,y~ x x) = a{h,xy~ l ) , (A.13) 

which is equivalent to a(g z , x z ) = a(g, x) for all triples g,x,zE G , thus proving (i). 
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Similarly, from 


/3(b g \ x b h \ y ) = 8g* )h 22 a(p, q) (3 p \ q (b g \ xy ) = 5 g * jh a(g , xy) and 

p,qeG 

0(bh\ybg\x) bfry g ^ ^ ®-(.Pi q) fbp\q{bh\ysc) bhv,g CX (h, yx') 

p,q&G 


(A.14) 


it follows that /3e.C(DG) iff 8 g x h a(g, xy ) equals 6hv, g oi(h, yx) for all g,h,x,y£G or, 
equivalently 

<W .a(g,y) = 8 gy -i xh a(g x ,y x ) for all g, h, x, y G G . (A.15) 

This implies that a(g, y) — 0 unless [g, y] = e, and that a(g x , y x ) = a(g, y) for all g, x,y G G. 
This is also sufficient, thus proving (ii). 

Finally, for a group-like element T G T>G the expressions 


A(T) = 22 l{P 9 , x )b P \ x ®b g \ x and 

P,g,x£G 

r< g) r = 22 l{9, x ) li h , y) b g \ x ® b h \y 

g,x,h,y£G 


(A.16) 


must coincide. This is the case (using also that T 7 ^ 0 ) if 7 (g,x) is non-zero for precisely 
one value of x. Thus if j(g,x) ^0 for some g G G, then according to (A.16) we have 
r )(g 1 x)^(h 1 x)=^(gh,x) for all g,h^G. Further, the property e(r) = l of group-like 
elements translates to 7 (e,x) = 1. Together it follows that y( • ,x) is a group homomor¬ 
phism from G to k x (for those xEG for which 7 (g,x) is non-zero) or, in other words, 
that 7 ( •, x) G H\(G , k x ). This proves the first part of (iii). Setting Y = J^geG^id) b g \ a 
and r a / j€ / = Y^geG^'id) b g \ a 'i one furthermore checks easily that 

r a ,5 r a / i€ / = r aa ',tt> and (r 0i€ ) 1 = r a -i i ^-i, (A.17) 

thus proving the second part of (iii). □ 


Next recall the map [i \: Cq^-Cq from diconjugacy classes to conjugacy classes that 
is defined in (2.29). ft follows immediately from Proposition A.l that a basis for Z(DG) 
is given by {v d } dep -\ Ce) , and a basis for C{T>G) by {7 d} d£g -\ Ce) , where 

y d ■= 22 b 9\ x and := (A.18) 

(g\x)ed (g\x)ed 

for any diconjugacy class d G Cq. 

Denote by tt : G x G —» G the projection to the first factor and define n: Cq — y Cg by 

7T: d 1 —y ft (d) . (A.19) 
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Proposition A.2. Let cl , d! £ fi 1 1 (c e ) and let (g\x) £ d. Then 

V d V d ,= J2 V d( a \*y)- ( A ' 2 °) 

{y£G\(g\y)ed'} 

In particular v d ■ v d > = 0 unless n(d) = Tr(d'). 

Proof. Note first that since {v d } deix - i( Ce ) forms a basis of Z(DG), the product v d ■ v d > is 
bound to be a sum of basis elements of the same type. We have 

Vd W' ^ ^ bp\qbr\s ^ ^ dp,r bp\qs ^ ^ ^p|gs • (A-21) 

(p\q)£d ( p\q)€d {p\q)<Gd 

(r|s)Sd' (r\s)£d' sGG s.t. (pp)Grf' 

It is quickly verified that the right hand sides of (A.20) and (A.21) coincide. □ 

A.2. The category DG-mod for char(k) {|G| 

For any group element g£G we denote by DG^ the subspace of T>G that is spanned 
by {bg\ x \ x ^ Zg}] this is a subalgebra of T> G isomorphic to k[Z s ]. By induction, any 
DG^- mo dule y defines a DG-module Id, 

V := DG ® DG ( S ) Id (A.22) 

It follows that V has a vector space decomposition Id = d& heCg Vh in terms of elements 

of the conjugacy class c g of g , and dimk(Id) = \c g \ dimk(Id). 

Now assume that char(k) does not divide |G|. The simple DG-modules are then 
precisely the modules induced from simple DG^- mo d u i e s. More precisely, choose a 
representative g c £c for each conjugacy class c£Cq. Isomorphism classes of simple 
DG -modules are then in bijection with pairs (c, a), where c£Cg and a is a simple 
Z Sc -character. If Id is a ^-representation with character a , the induced module Id is a 
simple DG -module corresponding to the pair (c, a). We denote the set {(c, a)} of labels 
of indecomposable 2)G-modules by / and choose for each such label a representative 
module V^ a y We denote the trivial one-dimensional DG-module ^ by V 0 . 

Taking a simple module to its dual amounts to an involution on the set / of labels: 
Id ( V Q) = Vy-^. To describe this involution concretely we impose a condition on the choice 
of representatives {g c } of conjugacy classes: For g £c denote the conjugacy class con¬ 
taining g~ l by c; this defines an involution on the set Cg of conjugacy classes. For c^c 
we choose the representatives in such a way that g-c = gf 1 - If instead a conjugacy class 
c contains both g c and g” 1 , we choose a group element i c £G such that gf 1 = lc g c - If 
c -f- c, then we just set i c \=e. Note that because of Z g — Z g - 1 , conjugation by i c is an 
automorphism of Z 9c . Now if a is a Z ffc -character, we define cd c to be the character 
obtained from a by the automorphism given by i c , i.e. a lc (x ) = a{i~ 1 xif). With these 
conventions we finally have 

(c, a) = (c, ad c ), (A.23) 
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with a the character dual to a, i.e. ot(x) —a(x 1 ). 

The character of a simple module corresponding to (c, a) acts as 

a(x z ) if g — z g c and x 6 Z gc , 


X(c,a) iPg\x) 


0 


otherwise. 


(A.24) 


Equivalently, 

X(c,a) = 7^ | 'y ^ y ' Ol(x) /3zg c \z x ■ (A.25) 

I 9c ' z£G XGZg c 

It follows from (A.25) that the simple character X(c,a) bos i n the linear span of 

{id | device) ri7r _1 (c)} C DG*, (A.26) 

with 7i the map from Cq to Cq defined in (A. 19). 

Let us list some further facts about the category DG-rnod. Since DG is a hnite- 
dimensional ribbon Hopf algebra, for any held k, RG-mod is a finite k-linear ribbon 
category. If moreover char(k) =0, then the Grothendieck ring Ao (DG-rnod) is isomor- 
phic to (B c€Ca Z (k[Z 9 J) [Wi], 

Assume now char(k) \ |G|. Then 2)G-mod is semisimple and even modular. The 
rank of DG-mod is X^ c ec G I ^'z qc \ which, as is shown in Proposition B.6, coincides with 
|/ik 1 (c e )| and thus with the dimension of G(DG) and Z(DG). The dimension Di)G_ mod 
of IDG-mod is |G|. Moreover, since the modular tensor category 2)G-niod is a Drinfcld 
center, namely the center of the category of G-graded vector spaces (in other words, its 
class in the Witt group of modular tensor categories is trivial), the gluing anomaly of the 
Reshetikhin-Turaev TQFT constructed from DG-mod vanishes, and hence all mapping 
class group representations are genuine linear representations. 

All quantum dimensions in RG-mod are integers: 


d( c ,a) = |c| a(e) = dim k (V( Cja )). (A.27) 

The twist phases are given by 

0(c ’ a) = ^ ' (A ' 28) 
Since g c is central in Z 9c , d( c , a ) is a ro °t of unity. The invertible objects of IDG-mod 
are the simple 2)G-modules with quantum dimension one. According to (A.27) they 
correspond to labels (c a ,() with aG Z(G) and ( a linear character of G. The character 
of an invertible object takes the simplified form 

X(ca,C) = ^2(( x )^a\x = C( x d)ld, (A.29) 

X &G d £ (c e )n7r -1 (c a ) 

with Xd such that (g c \xd) for some g c is a representative of the diconjugacy class d. 

Remark A. 3. The isomorphism classes of invertible objects form a subgroup of the 
Grothendieck ring Kq{T)G- mod), called the the Picard group Pic(2)G-mod). This group 
is given by 

Pic(DG-mod) ^ Z{G) x Ri(G,k x ) = Z(Q( t DG)) . (A.30) 
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A.3. The coend T>G* 


To any finite tensor category there is associated a standard coend, namely (2.1), i.e. the 
coend L of the functor (U, V ) i —> U w <E> V. In the context of representations of mapping 
class groups, this coend has been studied in [Lyl] ; we refer to it as the Lyubashenko 
coend. In this appendix we describe the Lyubashenko coend for the category DG-mod. 
As an object of fDG-mod, the Lyubashenko coend is the left coadjoint module T>G* 
[Lyl, Vi]; in terms of the standard bases of fDG and DG*, the action of DG on fDG* is 



bg\x • fih\y 3g x ,[h,y\ P^l^y • 

(A.31) 

Note that the action (A.31) preserves the subspaces of DG* that are spanned by those 
f3 g \ x for which (g\x) G d for a fixed diconjugacy class d. 

The Lyubashenko coend L of a braided finite tensor category has a natural Hopf 
algebra structure [Lyl]. If C is the representation category of a factorizable Hopf algebra, 
this structure is given by the formulas (2.2). Specializing to H = T)G these give 

m > 

Pg\x ® Ph\y 1 t 0\x,g\x,y P(g x )hyx~ 1 \x > 


: 

1 l— t Yhx&G Pe\x i 


A. 

Pg\x 1 t fdg\y ® Pgy\y~ 1 x ) 

(A.32) 

£» ■ 

Pg\x 1 t Ox,e > 


S> : 

(dg\x Pg-l[ x ,g • 


The Hopf algebra DG* in DG-mod comes equipped with a two-sided integral A> and a 
two-sided cointegral A> given by 

A> : 1 i —> 

Y Pg\e and by A> : P g \ x ^ 

g&G 

, (A.33) 

respectively. Note that A> o 

A|> = |G| = A o A. T)G* also comes with a 

Hopf pairing 

: 

fig\x ® @h\y 1 ^ ^g ~ 1 [x,g],h ^(x~ 1 ) 9 ,y i 

(A.34) 


obtained by specializing (2.3). This Hopf pairing has the following properties: 

Proposition A.4. 

(i) For d, d! G Cq we have 

\d \, (A.35) 

where d denotes the diconjugacy class satisfying (g -1 ^ 1 ) G d if (g\x) G d. 

(ii) For each d G Cf such that tt (d) =c, let ( c,a ) label a simple T>G-module, and choose 
a representative (g c \x d ) G d. //char(k) j"|G|. then the character of (c,a) can be expanded 
as 

X(c,a) = Y a(x d )^d- (A.36) 

rfe/i^ 1 (c e )nir- 1 (c) 

(iii) Applied to the characters of simple DG-modules labeled by (c, a) and ( c',athe 
FIopf pairing gives 

^>(X(c,a) ® X(c',c^ , )) ^c',c^a',a |d*| • (A.37) 
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Note that cu,> does not necessarily pair dual DG-characters. 


Proof, (i) By the elementary equalities g 1 [x,g\ = (g 1 ) xg and {x = (x l ) X9 we have 

^>(ld ® Id ') ^ ^ ,h 3(x~ 1 ) x 9,y ) (A.38) 

(%)ed' 

which directly implies (A.35). 

(ii) If |G| is non-zero in k, then the cardinality of any diconjugacy class d is non-zero as 

well, since \d\ = [G \ Z(g c \x<i)} ~ ■ Zg c ] [Zg c : Z(g c \ Xd )\. Also note that Ml = Ml- Characters 

are elements of C{fDG) and can thus be expanded in the basis {id} ( Cf .) °f G(T>G), 
i.e. X(c,a) — '}}d&g- 1 {c e ) a (d) Id with suitable coefficients a(d). According to (A.35) the 
latter are given by 

a (d) = pr MX{c,a) <8 Id) ■ (A.39) 

Applying the character formula (A.24) thus yields 

a ( d ) = y ) z | X X a( K X ) U »(P*9c\*x®Ph-l\y~} 

1 11 9cl ZGC (h\y)ed 

^ X£Zg c 

= \d\ I Z I ^ ^ a ^ \x-i)*9c*-\y-i (A.40) 

1 " 9cl (h\y)ed 

XGZgc 

1^1 r \ X 

\d\ \Z„\ v ’ d ’ d ( 9 c,x) 

1 11 9cl xez gc 

Now if (g c , x) G d , then ( g c \y ) G d for every y that is .^-conjugate to x, so that the sum 
on the right hand side, if non-zero, takes the value a(xd) [Z gc : Z^ gc \ Xd f\. Moreover, the 
sum is non-zero iff 7r (d) =c. Thus we conclude that if d G /iM( c e) fl7r _1 (c), then 

a(d) = [G: ^ : Zw,j)1 a(x d ) = a{x d ), (A.41) 

while otherwise a(d) =0. This proves (ii). 

(iii) Combining (A.35) and (A.36) gives 

^>(X(c,a) <8 X(c',a')) = X “MM) a'fcd') M| 8 d , d 

dey,^ 1 (ce)nn~ 1 (c) 

rf'e/4]' 1 (c e )n7r _1 (c , ) (A.42) 

= 4',c XI “'fo) Ml • 

de / u^ 1 (ce)n7r- 1 (c) 

We can choose x d — xf. Now note that the number of elements ( g\x ) in d with the first 
entry fixed is [Z g : Z^ g \ x f\. Using also that \d\ = [G : Z g f\ [Z gc : Z ( 9c | Xd )], the right hand side 
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of (A.42) can be rewritten as 



(A.43) 


□ 


In the semisimple case, i.e. for char(k) {|G|, the Lyubashenko coend is given by 
Xf <S)Xi, where the (finite) summation ranges over representatives of isomorphism 
classes of simple objects. Concretely this means that T>G* = @ (c Q ) V( c>a ) as a 

left DG-module. 

B. Properties of 27V-conjugacy classes 

For c G Cq we denote by c the conjugacy class containing g _1 for g G c. For ci, c 2 G Cq, the 
subset Ci • c 2 := {g\92 \ gi £ c 1; g 2 G c 2 } is a disjoint union of conjugacy classes, in which 
a conjugacy class cCci • c 2 appears with a multiplicity /C ci C2 C given by the number of 
solutions to #i< 7 2 = g c with g\ G Ci and g 2 G c 2 , modulo conjugation. 

Recall from (2.31) that C' g QCg is the set of conjugacy classes of commutators, so 
that Com G = U c gc^ c - We have 

Lemma B.l. (i) A conjugacy class c lies in C' G iff there exists a Ci G Cq such that 
cCci-Ci, i.e. such that c f ^ 0. 

(ii) We have C' G = Im(/ri) C Im(/i 2 ) C Im(// 3 ) C ■ ■ ■ . 

(iii) If G is perfect, then there exists an N gN such that Im(// n ) = Cq for n> N. 

Proof. One has ceC' g iff g c is a commutator, i.e. iff there exist g,xEG such that 
g c =[g,x]. Since [g, x] =g~ 1 (g x ), this proves (i). The proofs of (ii) and (iii) are im¬ 
mediate. □ 

Enumeration of 2A r -conjugacy classes is in general a difficult task. But the following 
general formulas for the sizes and number of 21V-conjugacy classes are easily obtained. 

Lemma B.2. (i) //(g|x)Gd, then the size ofdGC™ is 


(ii) For any N G N we have 



(B-2) 
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(iii) Moreover, 


\Ca\ = E jAjE^to-wl- (B-3) 

cgC g 1 9cl xeG 

Proof, (i) is an instance of the orbit-stabilizer theorem, (ii) is the corresponding instance 
of Burnside’s lemma, and (iii) also follows immediately from Burnside’s lemma. □ 

A diconjugacy class d is a subset of the Cartesian product of two conjugacy classes, 
d C ci x C 2 , and there is a subset D c 1;C2 C C G such that c\ x C 2 = (J dGDc C2 d. 

Proposition B.3. For any c, d G C G the number of diconjugacy classes in ex c' is 


.D r 


9c I 


9c' I 


E h». n %.-H z AG/z v i 


xeG 


(B.4) 


Proof. For any pair of subgroups H , K < G the cardinality \H\G/K\ of the set of double 
cosets is given by Burnside’s lemma: 

\H\G/K\ = — E l Gl ' , '* ) l. (B.5) 

I II I ( h,k)GHxK 


where G^ h ' k ‘ is the set of fixed points of {h, k ), i.e. of elements x G G satisfying hxk = x, 
i.e. x k = h -1 . For the the latter equality one needs h E H D X K. In other words, we have 


\G (h ’ k) \ = ^\Hn x K\. 

(, h,k)eHxK xeG 


(B.6) 


This establishes the second equality in (B.4). 

Now note that every d C c x d has a representative of the form (g c \ x 9c') for some x G G, 
and that the cardinality |£) C)C /| coincides with the number of Z 9c -orbits on the set of such 
representatives. We again use Burnside’s lemma to determine the number of orbits. 
Observe that for z G Z gc we have (g c \ zx g c ') = (delude') iff z G Z gc P\ x Z gc ,. The number of 
orbits then becomes 


J 9c\ 


9d \ 


El 

xGG 




(B.7) 


where the prefactor \j\Z g \ rectifies overcounting. This completes the proof. □ 


We are particularly interested in the number |p 1 1 (c)| of diconjugacy classes which 
are mapped by ji\ to a fixed conjugacy class ceC' g . Assume that c'Cc-c; then there 
exists an x G G such that gf l {g x ) G d. More generally, if /C E c c > 1, then we can, and will, 
choose elements x i: i — 1, 2,..., tC 7 .f , representing the /C^jf inequivalent solutions, i.e. we 
have gf 1 {g Xi ) £ d for every i, and there does not exist any z G Z ga such that gf iZ = gfd for 
iy^j. The representatives x t are of course not unique - for every pair Zi,z 2 G Z 9c , ZiXiZ? 
represents the same solution. Moreover, two elements x, x' G G satisfying gf 1 ^) G d and 
9c 1 (9c ) e c ' represent the same solution iff there exist z l7 z 2 G Z gc such that x' = ZiXZ 2 - 
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Lemma B.4. Let c G Cq and d G C' G be such that d C c ■ c. The number of diconjugacy 
classes in ex G that are mapped to d by pi is 


J^Cc.c'.i with Cc.c'.i := —-7 ^ l^nZ^I. (B.8) 

i=1 1 (sc|a:i)l we^tod-i) 

Proof. The result follows from Burnside’s lemma. Fix a value i G {1, 2,..., /C g( f}. The 
pairs (<7c|ziXjZ 2 ) w ^h Zi,z 2 £-Zg c all represent the same solution for x of the equation 
9c 1 (d x ) G d. To determine how many diconjugacy classes these pairs represent, note 
first that (( g c ) Zl \{ziXiZ 2 ) Zl ) = (gdx^zf 1 )) so it is enough to consider pairs of the type 
(g c \xiz) for z G Z gc . Conjugating this pair by y G Z( Sc | Xi ) gives (g c \xi z y ), so the number of 
diconjugacy classes representing the solution gf 1 (g Xi ) is given by the number of Z ( 9c \ Xi y 
orbits in Z gc , where the subgroup acts by conjugation. By Burnside’s lemma the number 
of orbits is precisely ( c ,cj,i as defined in (B.8). □ 

Corollary B.5. The number of diconjugacy classes ofG that are mapped by /ji to d G C' G 
is 

tCrJ 

i»rV)i = EE tY —i E i z »= nz »i- ( B -9) 

cec G i=i 1 &=!*<) I yez (gclxi) 

Specializing to /i ] j 1 (c e ) C C G we get 

Proposition B.6. The number of diconjugacy classes of G mapped by fi\ to c e = {e} is 

K'WI= E 1^.1 • < B ’ 10 ) 

CGC G 

Proof. (B.10) follows from (B.9) by a simple calculation. An independent argument is 
the following. There are representatives of every diconjugacy class in the set of elements 
of type (g c \x) with ceCq and igG. The pairs (g c \x') and (g c \x) belong to the same 
orbit iff x' = x z for some z G Z gc . Restricting to commuting pairs, i.e. iG Z gc then finishes 
the proof. □ 
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